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Abstract. The quantization of well-known pairs of Poisson groups of a wide class is studied 
0^ I by means of Drinfeld's double construction and dualization via formal Hopf algebras; new 

' quantized enveloping algebras (()) and quantum formal groups Fg^{^°° [G] are introduced 

, (both in one-parameter and multi-parameter case), and their specializations at roots of 1 (in 

^ ' particular, their classical limits) are studied: a new insight into the classical Poisson duality 

, is thus obtained. 
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Introduction 

I ■ "Dualitas dualitatum 

^1 et omnia dualitas" 

> ■ N. Barbecue, "Scholia" 

■ Let G be a semisimple, connected, and simply connected afRne algebraic group over an 

5^ \ algebraically closed field of characteristic zero; we consider a family of structures of Poisson 
group on G, indexed by a multiparameter r, which generalize the well-known Sklyanin- 
Drinfeld one (cf. e. g. [DP], §11). Then every such Poisson group has a well defined 
corresponding dual Poisson group H'^ , and g'^ := Lie{G'^) and i)^ := Lie{H'^) are Lie 
bialgebras dual of each other. 

In 1985 Drinfeld ([Dr]) and Jimbo ([Ji]) provided a quantization U^{g) of U{q) = U{g^) , 
namely a Hopf algebra U^{q) over k{q), presented by generators and relations with a 

k[q, (j~^]-form U^{g) which for g — 1 specializes to U (g) as a Poisson Hopf coalgebra. This 
has been extended to general parameter r introducing multiparameter quantum groups 
Uq^^{g) (cf. [R], and [CV-1], [CV-2]). Dually, by means of a Peter- Weyl type axiomatic 
trick one constructs a Hopf algebra Fl^[G\ of matrix coefficients of U^{g) with a /c[g, g~^]- 
form FJ^ [G\ which specializes to F [G] , as a Poisson Hopf algebra, for g ^ 1 ; in particular 
FI^[G] is nothing but the Hopf subalgebra of "functions" in F^[G] which take values in 
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k[q,q ^] when "evaluated" on U^{q) (in a word, the fc[g, g ^]-integer valued functions on 
IJ^{q)). This again extends to general r (cf. [CV-2]). 

So far the quantization procedure only dealt with the Poisson group G^; the dual group 
H is involved defining a different g~^]-form {q) (of a quantum group {q)) which 
specializes to F[H] (as a Poisson Hopf algebra) for q 1 (cf. [DP]), with generalization 
to the general case possible again. Here a new phenomenon of " crossing dualities" (duality 
among enveloping and function algebra and duality among Poisson groups) occurs which 
was described (in a formal setting) by Drinfel'd (cf. [Dr], §7). This leads to consider 
the following: let F^[G\ be the quantum function algebra dual of (g), and look at the 

" dual" of U^{q) within [G] , caU it F^ [G] , which should be the Hopf algebra of k [q, q'^]- 
integer valued functions on C/^(g); then this should specialize to U{\)) (as a Poisson Hopf 
coalgebra) for g — > 1 ; the same conjecture can be formulated in the general case too. 
The starting aim of the present work was to achieve this goal, i. e. to construct F^ [G] 

and its k[q, g~^]-form F^[G], and to prove that F^[G] is a deformation of the Poisson Hopf 
coalgebra U{\)). This goal is succesfuUy attained by performing a suitable dualization of 
Drinfeld's quantum double; but by the way, this leads to discover a new "quantum group" 
(both one-parameter and multiparameter), which we call t/^'°°([)), which is to U{\)) as 

U^{q) is to U{q)] in particular it has an integer form U^{\]) which is a quantization 

of C/(f)), and an integer form t/^'°°(l)) which is a quantization of (the function 

algebra of the formal Poisson group associated to G ) ; this is also produced in the shape 
of a quantum formal group F^'°°[G]. Moreover, we exhibit a quantum analog of the Hopf 
pairings F[H] ® C/(f)) k , F[G] ® U{q) k , F°°[G]0 U{q) k , and also a quantum 
analog of the Lie bialgebra pairing [) ® g — * /c , which are strictly related with each other 
and with the already known quantum pairing F^[G] ® U^{q) — > k{q) : all this is stressed 

by introducing the definition of quantum Poisson pairing. Once again all this extend to 
the multiparameter case. Thus in particular we provide a quantization for a wide class 
of Poisson groups (the if^'s); now, in the summer of 1995 (when the present work was 
already accomplished) a quantization of any Poisson group was presented in [EK-1] and 
[EK-2], but greatest generality implies lack of concreteness: in contrast, our construction is 
extremely concrete, by hands; moreover, it allows specialization at roots of 1, construction 
of quantum Frobenius morphisms, and so on (like for U^{q) and f/^(g)), which is not 
possible in the approach of [EK-1], [EK-2]. 

Finally, a brief sketch of the main ideas of the paper. Our aim being to study the 
"dual" of a quantum group U^^{q) (M being a lattice of weights), we proceed as fol- 
lows. First, we select as operation of "dualization" (of a Hopf algebra H) the most 
naive one, namely taking the full linear dual (i. e. H* , rather than the usual Hopf 
dual H° ), the latter being a formal Hopf algebra (rather than a common Hopf algebra). 
Second, we remark that U^^^{q) is a quotient, as a Hopf algebra, of a quantum double 
D^^{g) := D (^/^^^(b-), U^^{b+),7rl) (cf. §3), hence its linear dual U^^{q)* embeds into 
the formal Hopf algebra D^^ig)* . Third, since D^^{g) ^ U^^{b+) ® U^^ib-) (as coal- 

gebras) we have D^^{g)* = t/^(b_|_)* ®U2^{b-)* (as algebras), where ® denotes topo- 
logical tensor product. Fourth, DRT pairings among quantum Borel algebras yield natural 
embeddings U^^{b±) ^ U^^{bz^) [M' being the dual lattice of M ). Fifth, from previous 

remarks we locate a special formal Hopf subalgebra of f C/^^(b_) ® C/^^(b+) ] C D^^{g)* . 
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Seventh, we take out of this an axiomatic construction of a formal Hopf algebra U^^{i)), 
by definition isomorphic to the one of step six and therefore naturally paired with U^^{g): 

this is the object we were looking for, sort of completion of F^^[G], and from its very 
construction the whole series of results we stated above will be proved with no serious 
trouble. 

Sections 1 to 4 introduce the already known material; the original part of the paper is 
sections 5 to 8. The Appendix describes in full detail the example G = SL{2) . 
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I. Damiani for many helpful discussions. 



§ 1 The classical objects 

1.1 Cartan data. Let A := {0'ij)ij^i ^ be a n x n symmctrizable Cartan matrix; 
thus we have aij G Z with an = 2 and a^j < if i ^ j, and there exists a vector 
{di, . . . ,dn) with relatively prime positive integral entries di such that ((iiOij)i,j=i,...,n 
is a symmetric positive definite matrix. Define the weight lattice P to be the lattice 
with basis {ui, . . . (the fundamental weights); let = J27=i subset of 
dominant integral weights, let aj = Yl7=i'^'ij^i U — 1, be the simple roots, and 
Q — Z«j (c P) the root lattice, = the positive root lattice. Let W 
be the Weyl group associated to A, with generators si, . . . , Sn, and let n := {ai, . . . , an} '■ 
then R := l^II is the set of roots, = Rf] the set of positive roots; finally, we set 
Ar:=#(i?+) {=\W\)._ 

Define bilinear pairings ( | ):QxP^'Z and ( | ):QxP^'Z by {ai\ujj) = 6ij and 
{ai\u>j) — dijdi. Then {ai\aj) — diUij, giving a symmetric Z- valued W-invariant bilinear 
form on Q such that {a\a) e 2Z. We can also extend the Z-bilinear pairing ( | ): Q xP — > Z 
to a (non-degenerate) pairing ( | ) : (Q ®z Q) x (Q (g)^ -P) — > Z of Q- vector spaces by scalar 
extension: restriction gives a pairing ( | ):P x P — > Q (looking at P as a sublattice of 

Q®zQ which takes values in Z[d~^], where d := det (j^dij)^ j^i^ ■ Given a pair of lattices 

(M, M'), with Q < M,M' < P , we say that they are dual of each other if 

M' = {y e P \ {M,y) CZ} , M = {x e P \ {x, M') C Z} 

the two conditions being equivalent; then for any lattice M with Q < M < P there exists 
a unique dual lattice M' such that Q < M' < P . 

1.2 The Poisson groups G and H. Let G be a connected simply-connected semisim- 
ple affine algebraic group over an algebraically closed field k of charachteristic 0. Fix a max- 
imal torus T < G and opposite Borel subgroups B±, with unipotent subgroups U± , such 
that P+ n P_ = T , and let := Lie{G) , t := Lie{T) , b± := Lie{B±) , n± := Lie{U±) ; 
fix also T := (ti, . . . , Tn) e such that {ji, aj) — —{tj, ai) for all i,j = l,...,n: when 
T = (0, . . . ,0) we shall simply skip it throughout. Set K = G x G , define G^ := G 
embedded in K as the diagonal subgroup, and define a second subgroup 

:= {(«_t_,t+'u+) I u± e U±,t± e T,t^t+ e exp(r)} {<B_ X <K) 
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where T := Yh^^ k ■ h-oci+2ri © ^ai+2ri <t©t<0©0 = t:= Lie{K) ; thus 

f)^ := Lie(if") = (n_, 0) © T © (0, n+) . 

Thus wc have a triple (i^, this is an algebraic Manin triple (i. e. its "tangent 

triple" (t, 0^, f)^) is a Manin triple), when a non-degenerate symmetric invariant bilinear 
form on t is defined as follows: first rescale the Killing form ( , ) : ® — > A; so that short 
roots of have square length 2; then define the form on 6 = © by 

(a^i ©2/1, 3^2 ©2/2) := ^(2/1,2/2)- ^(a;i,a;2). 

In general, if (l', 0', [)') is any Manin triple, the bilinear form on t' gives by restriction 
a non-degenerate pairing ( , ): ()' 0' — * /c which is a pairing of Lie bialgebras, that is 

{x, [2/1,2/2]) = (5^(x),2/i A2/2) , {[xi,X2],y) = {xi A X2, Sg{y)) 

for all x,xi,X2 G f)', 2/, 2/1,2/2 G 0', where S^', resp. 5g/, is the Lie cobracket of [)', resp. 0'; 
we shall call such pairing also Poisson pairing, and denote it by Ti-pih.g) := {h,g) for all 
h & \)' , g & 0'. In the present case the Poisson pairing is described by formulas 

(fl, /,) = (IT, h,) = (fl, e,) = -|5,,dri 

(h[, /,) = (h[, /i,) = a,,c^-i = a,,d-' (hi, e,) = (1.1 - a) 

{^h fj) = ^S,jd-' (el, h,) = (e[, e,) = 

where the f^, h^, e^ (s = 1, ...,n), resp. /«, /ig, Cs (s = l,...,n), are Chevalley-type 
generators of f)^, resp. 0"^, embedded inside t = © 0, namely fJ = © , h^ = 
h-a,+2T, © ha,+2Ts , = © , and /s = /s © /s , hg = hs ® hg , = © (see 
below); moreover we also record that 

1 1 

for all a, /9 G i?"^ , where e^,fa,e/3,/^ are Chevalley-type generators of ({)^)q,, (1)^)_q,, 
(0^)^, (0^)_^ and da ■= -^^^^ for all a G i?"*" (in particular do,. = Vi = 1, . . . ,n).-^ 

1.3 The Poisson Hopf coalgebra U{q^). It is known that the universal enveloping 
algebra U{q'^) — U{q) can be presented as the associative /c-algebra with 1 generated by el- 
ements , fi, hi, Ci {i = 1, . . . ,n) (the Chevalley generators) satisfying the well-known Serre's 
relations (cf. for instance [Hu], ch. V). As an enveloping algebra of a Lie algebra, ^7(0'^) has 
a canonical structure of Hopf algebra, given by A{x) = x®l + l^x, S{x) = —x, e{x) = 
for all X G ; finally, the Poisson structure of refiects into a Lie coalgebra structure 
5 = 6g^:Q'^ — > 0^ (g) 0"^ of 0"^, extending to a co-Poisson structure 5: U{g'^) — > U{q'^) (g) 
t/(0^) (compatible with the Hopf structure) given by (cf. [DL], §8, and [DKP], §7.7) 

s:/ ^ ^ + '^Ti\ai + 2Ti) {ai + 2Ti\ai + 2Ti) 

OUi) = 2 hai+2r ® Ji ^ Ji ® hai+2T 

SiK) = (1.2) 

{ai - 2Ti\ai - 2Ti) (ai - 2Ti\ai - 2Ti) 
d{ei) = hai-2T ®ei 7, ® ha^-2T ■ 



^ Warning: beware, in particular, of the normalization we chose for the symmetric form of fi, which is 
different (by a coefficient i) from the one fixed in [DP]. 
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1.4 The Poisson Hopf coalgebra C/(f)^). We already remarked that J)"^ = n_ ® t© 
ri-i- = n_ ® ©Ti-i- as vector spaces: then the Lie structure of J)^ is uniquely determined by 
the following constraints: (a) n_, t^, n_|- are Lie subalgebras of [)^; (h) [n_|_, n_] = Vn_(_ e 
n+,?i_ G n_ ; (c) [h[,?i_] = -(cti - 2ri, /3) ?i_ Mi = l,...,n,n_ G (n_)^,/3 G i?" ; 

("d^ [h[,n+] = {ai + 2Ti,(3)n+ Vi = 1, . . . , n, n+ G (n+)^,Q; G i?+ . 

Thus if ^, h[, e[ (z = l,...,n) are Chevalley-type generators of g (thought of as 
elements of n_, t = , n-|_), U{i)'^) can be presented as the associative A;-algebra with 1 
generated by f^, h[, e[ (z = 1, . . . , n) with relations 

h[hj - hjh[ = , e[f^ - f^e[ = 
h[f^ - f^h[ = {ai - 2t„ a,)f^ , h[ej - ejh[ = (a, + 2r„ a,)ej 

E (-1)' C T") = ^ (1-3) 

fe=o ^ ^ 

fc=o ^ ^ 

for all i, J = 1, . . . , n ; its natural Hopf structure is given by 

A(f[) = g®l + l®fX, 5(fl) = -g, e(fT) = 
A(h[) = h[®l + l®h[, ^(h[) = -h[, £(h[) = (L4) 
A(e[) = e[®l + l®e[, ^(e[) = -e[ , £(e[) = . 

and the co-Poisson structure S = S^' U{i)'^) — > C^(f)^) ® ?7(f)^) by 

5(fI) = d,h[®f[-d,fT^h[ 

5(h[) = 4dri. ^ d^(7|«0-(e;®f^-f^®e:^) (-^ ^^ 

(5(e[) = cZie[(8)h[-dih[(8)e[ . 



§ 2 Quantum Borel algebras and DRT pairings 

2.1 Notations. We shall introduce our quantum groups using the construction of 
[DL] and [CV-1], [CV-2]. For all G N, let (n)^ := ^ (g k[q]) , (n)^! := Ur=i (0,, 

- (iyS%T(e%]),and [n]^ := ^ (e %, g"^]) , K! :=n;=iH,, [^l, := 

:= [gj^ij'j'Jg]^! (e let ?a := g'^" for aU a G i?+ , and qi := q^^ . Let Q, P 

be as in §1; we fix an endomorphism (p of the Q- vector space QP := Q ®i P which is 
antisymmetric — with respect to ( | ) — and satisfies the conditions 
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^{Q)<^Q, |(^(P)|P)cz, 2AYA-^eMn{Z) 
where, letting := ^(fi{ai) = YTj=iy3i'^3 > we set Y := (yijO^ , M„(Z) is the set 
of n X n-matrices with integer entries, and A is our Cartan matrix. For later use, we also 
define ^ 

Ta := ^fia) , n := Ta. (2.1) 

for all a e i?, z = l,...,n. It is proved in [CV-1] that (idQp + ip) and (idQp — 
(p) are isomorphisms, adjoint of each other with respect to ( | ) : then we define r := 

(idQp + v?)~\ r := (idQp - (/;)"\ 

2.2 Quantum Borel algebras. Let M be any lattice such that Q < M < P : then 
F. [DL] and [CV-1]) t/^^^ 
nerated by { | /x G i 
1, . . . , n } ) with relations 



(cf. [DL] and [CV-1]) U^^{b-) (resp. U^j^{b+)) is the associative A;(g)-algcbra with 1 
generated by {L^ \ /j, e M} U {Fi \ i — 1, . . . ,n} (resp. {L^ \ /j, e M } U { Ei \ i = 



p+s=l—aij 

(resp. L^E^ = q^^\^^^E^L^, J] (-1)^ 



1 - ttij 

S 

1 - ay 



Efi;,^;/ = 0) 



for all — 1, . . . , n and ji^v E M \ furthermore, it is proved in [CV-1] that C/^(b_) and 
U^j^ib-) can be endowed with a Hopf algebra structure given by^ 

A<^(Fi) = Fi® L_«^_^^ + Lr^ ® F, , £^(Fi) = , S^{Fi) = -FiLa, 

A^(L^) = (g) , £<p(L^) = l, S^{L^) = L_ij, 
A^{Ei) = Ei0 Lr, + La,-ri Ei , s^{Ei) = , S^{Ei) = -L^a^Ei 

for all z = 1, . . . , n , fj, e M . In particular we use notation Ka := La ^ a e Q . We shall 

also consider the subalgebras (of quantum Borel algebras) U^^{t) (generated by the Lf^^s), 
Uq^^{n-^-) (generated by the -Ei's), and [/q^<^(n_) (generated by the Fi's). 

When (fi — we could skip the superscript (p, our quantum algebras then conciding 
with the one-parameter ones, i. e. those of, say, [Lu-1], [DP], etc. 

2.3 DRT pairings. From now on, if H is any Hopf algebra, then H°p will denote 
the same coalgebra as H with the opposite multiplication, while Hop will denote the same 
algebra as H with the opposite comultiplication. 

From [DL], §2 (for the 1-parameter case), and [CV-1], §3 (for the multiparameter case) 
we recall the existence of perfect (i. e. non-degenerate) pairings of Hopf algebras among 
quantum Borel algebras 



TT^ t/^:^(b_)^^ ® U2^ib+) k{q) , <: UQjb.)^^ ® Ul^{b+) - k{q) 



^Actually, we use here a different normalization than in [CV-1]: the results therein coincide with the 
ones we list below up to change q <-> , L\ <->■ L_\ (or K\ <-> K_\ ). 
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which we select as given by 

[Qi - Qi) 

7r^{K^,Lx) = , 7r^{K^,Ej) = , tt^ (F,, La) = 0, nl{F,,Ej) = 

[Qi - Qi) 

q+{r{ri)\n) 



7r^(LA,Ka) = 9^'^(^)l'^), 7r^(F,,K«) = 0,7r^(LA,F,-) = 0, 7r'^{Ei, Fj) = 6ij 

^{Ka, La) = , ^{E,, Ka) = 0, ^(La, F,) = , ^(F,, F,) = ^. . 

\/ i,j = 1, . . . ,n , a & Q , AeP. 



q+ir{ri)\ri) 

{Qi-Qi') 



Remark : Hopf pairings like those above were introduced by Drinfeld, Rosso, Tanisaki, 
and others, whence we shall call them DRT pairings; here again some differences occur 
with respect to [CV-1], [CV-2] (or even [DL] for the simplest case), because of different 
definition of the Hopf structure: cf. also [Tn] and [DD] . 

In the sequel if tt is any DRT pairing we will also set {x,y)^ for 7v{x,y) . 

2.4 PBW bases. It is known that both t/^^(b_) and U^,^{b+) have bases of Poincare- 
Birkhoff-Witt type (in short "PBW bases"): we fix (once and for all) any reduced ex- 
pression of wq (the longest element in the Weyl group W), namely wq = Si^si^ ' ' ' ^in 
(with := ^(i?"*") = number of positive roots); thus we have a total convex order- 
ing (cf. [Pa] and [DP], §8.2) a\ := s^^ (a^g ),..., := Si^Si^ ■ ■ ■ Sij^_^{ai^) , hence 
— following Lusztig and others: cf. e. g. [Lu-2] — we can construct root vectors F^t-, 
r = 1, . . . ,N as in [DP] or [CV-1] and get PBW bases of increasing ordered monomi- 

als {L^-nf^ii^«^J;|A*eM;/i,...,/AreN} for [/f^(b_) and { F^ ■ nf=i ^ 

M; ei, . . . , ejv e N } for C/^(b+) or similar PBW bases of decreasing ordered monomials. 

Now, for every monomial £ in the F^'s, define s{£) := ^(p{wt{S)), r{S) := \r{(p{wt{£)))^ 
r{£) := \r{i^{wt{£))) , where wt{£) denotes the weight of £ {Ei having weight ccj), and 
similarly for every monomial in the F^'s, (F^ having weight — ck^). Then the values of 
DRT pairings on PBW monomials are given by 



n n ^^"^ • ^« = 



.r—N r=N 



l[Ft..Ka,l[E'j..Lx] = 

r=N r=N / 



11 ^erJr , _i .e 
VQar- -Qar) 



(2.2 -a) 



[Qa^ - Qa^) 



r=l 
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fr 

a'' 



r- = 7V 



r=l 



\ r=N r=N / 



_ls 



{(la- - Qar- ) 



(2.2 - b) 



= Q 



rW-r{n Un Fir ) U-.(n ^=;v Kr ) 



N 



r=l 



[er 



(cf. [CV-2] §1, taking care of our diflFerent normalizations; see also [DD] and [DL]). 

2.5 Integer forms and duality. Let f/^^(b_) be the k[q, g~^]-subalgebra of f/^^(b_) 
generated by 



m, c, t e N; i = 1, . . . , n 



where F. 



(m) 



F™/H ' and 



n:=i 



c-s + l 



are the so-called "divided 



powers"; it is known (cf. [Lu-2], [DL], [CV-2]) that [/^^(b_) is a Hopf subalgebra of 
C/^^(b_), having a PBW basis (as a /c[g, g~^] -module) of increasing ordered monomials 



^ Ki]Q\ Ent{ti/2 ^ 



n 

i=l 



r=l 



ti,...,t„,ni,...,niv e N 



and a similar PBW basis of decreasing ordered monomials; in particular ?7^^(b_) is a 
^[5, q'~^]-form of Ul^^{b-). A similar definition gives us the /c[q', g"^] -subalgebra U^^{b+) 
of {b+) generated by divided powers in the -Ej's and Li's, which is an integer form of 



Uq^^{b+) with a PBW basis of decreasing ordered monomials and a PBW basis of increasing 



ordered monomials. With the same procedure one defines Hopf algebras tj2^{b+) and 
C/^(^(b_) (over k[q, q~^] ) and locates PBW bases for them. 

Now let [/^^(b+) be the /c[g, g~^]-subalgebra of C7^(^(b+) generated by 

{Eai,. . - jEo^n} U {L^, . . . } 

where E^^r := {q^r - q-})E^. r = I, . . . ,N ■ then (cf. [DKP], [DP]) U^^ib^) is a Hopf 
subalgebra of f/^^(b+), having a PBW basis (as a k[q, g~^]-module) 



N 



i=l 
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of increasing ordered monomials and a similar PBW basis of decreasing ordered monomials; 
in particular C7^^(b+) is a k[q, q~^]-foTm. of C/^^(b+) . Similarly we define C/^^(b_) to be 
the k[q, qf^-^j-subalgebra of t/^^(b_) generated by . . . , Fq,jv}u{ Kf^, . . . , } (with 

Fa^ := {qa^ —qa^)Far- , Vr = 1, . . . , A?" ), which is an integer form of [/^^(b_), having PBW 
k[q, q~^]-hdiSes of decreasing or increasing ordered monomials. With the same procedure 
one defines Hopf algebras C/^^(b+) and f/^^(b_) (over k[q,q~^] ) and locates PBW bases 
for them. 

Similar constructions (and corresponding notations) and results also hold for the alge- 
bras U^^{t), Uq,^{n+), and C/g,<^(n_). 

Finally, from the very definitions and from (2.2) one immediately gets (as in [DL] §3) 



ft) 



op 



op 



TV 



t^.yt) = {yet/,yt) 



tP 



{^e<^(t)l 

{x e U[^{b- 
{xeu2^{b+ 
{xeU^''Jb+ 

{yeU[^{b+ 

{yeu^^^ib- 
{yeU^Jb- 



<(a:,t/,^^(t))<%,g-^]} 
^l{U?,^ii),y)<k[q,q-']} = 
7r''_ix,U2^ii))<k[q,q-']} 

<(x,t/q^^(b+)) < k[q,q 



op 

^^\n^_{x,UQjb+))<k[q,q 
^^\^{x,U^^Jb-))<k[q,q 



op 



7r^{x,U2^{b^))<k[q,q 



^^(^^^(b-),,,y)<%,g 
^iu?jK),p,y)<k[Q,Q- 

^{Ul^{K),^.y)<k[q.q 



-']} 
-']} 

-']} 
-']} 
-']} 
-']}■ 



(2.3) 



§ 3 Quantization of U{q^) 

3.1 Drinfeld's double. Let Hj^ be two arbitrary Hopf algebras on the ground 
field (or ring) F, and let tt: [H-]^^ ® Hj^ ^ F he any arbitrary Hopf pairing. The 

Drinfeld's double D = D{H_, H^, tt) is the algebra T{H_ ©-f^+) ; where 71 is the ideal 
of relations 

1h_ = 1 = Ih+ , x®y = xy \/x,y & H+ or x,y e H_ 

7r(y(2),a;(2))a;(i) (g)y(i) = 7r(y(i),a;(i))y(2) «)a:(2) ^x E H+, y e H_ . 
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Then (cf. [DL], Theorem 3.6) D has a canonical structure of Hopf algebra such that 
H_ , are Hopf subalgebras of it and multiplication yields isomorphisms of coalgebras 



D®D 



H 



+ 



D®D 



D. 



(3.1) 



We apply this to get the Drinfeld's double D^^^{q) := D{U^^^{b-),U^^{b+),'Kl) (for 
any lattice M, with Q < M < P) which we call quantum double; from the very definition, 
Dq^^iO) is generated by K^, L^, Fi, Ei — identified with 1 ® K^, (g) 1, 1 ® Fj, i?i ® 1 
when thinking at D^^{q) ^ U^^{b+) ® U^^ib-) — {a E Q, {i E M , i ^ 1, . . . ,n), while 
relations defining the ideal TZ clearly reduce to commutation relations between generators, 
namely (for all i,j = l,...,n) 



EiFj — FjEi 



-Oij _^ 



LuFj = q, 



(3.2) 



For later use we also record the following (deduced from (3.2)) 

t<r,s 



E'-F^ 



FfE: 



t>0 

t<r,s 

EC 

t>0 





' S' 


- <li 


.t. 



s-t 



;2t-r 
t 



— s 



E 



r-t 



(Vi = 1, . . . , n ) where 



rr" 




'S' 


u. 


Qi 


-t. 


Ik ® 






t 





■e: 



r-t 



t 



c — p + l 



K. 



c— p+l 



K. 



-c+p—l 



for aU c e Z, t e N. 



c+p-l 



■F. 



and 



s-t 



(3.3) 



Finally, PBW bases of quantum Borel algebras clearly provide (tensor) PBW bases of 
D^^{q) (identified with U^^{b+) (8) t/^^(b_) , as we shall always do in the sequel). 

3.3 The quantum algebra U^^{q) . Let M.^ be the ideal of L>^^(0) generated by 
the elements K (g) 1 - 1 (g) K , K E U^{t) ; is in fact a Hopf ideal, whence -D^^ (g) / 
is a Hopf algebra; then the above presentation of D^^(0) yields the following one of 

Uq,<fiiQ) '•— F^q,<piQ) / '• it is the associative A;(q')-algebra with 1 given by generators 



F,, Lx (oiKx), E, {XEP;i=l,...,n) 



and relations 



Lo = 1 , LxL^ = Lx+^ = L^Lx , LxF, = ^-("^ I^^F.La , LxE, = g^^^l^^^.L^ 

EiFh — FhEi = Sih—^ zrr^ 



Qi-Qi 



(3.4) 



1— a{ 



E(-i)' 



A;=0 



1 



1— ffli 



^1 (^ij k 



E^E^ = 0, V(-l) 



k=0 



1 



F- ''FjF^^ = 
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(for all X & P, i,j,h = 1, . . . ,n with % 3) with the Hopf structure given by 

A^{Lx) = Lx0Lx, e^(LA) = l, S^iLx) = L_x (3.5) 
A^{Ei) = Ei Lr, + La^-Ti ® Fi , e^{Ei) = 0, S^{Fi) = -L_^.Ei 

for all i = l,...,n, A G P. Similarly, with any lattice M {Q < M < P) we define 
C/^(g) := D^^{q) I which has a presentation by generators and relations as in (10.4- 
5), with M instead of P; in particular we shall study U^^pi^Q)? 

Finally we shaU denote with pr^-D^^id) Df^^{Q) j = U^^{q) the canonical 
Hopf algebra epimorphism, and we shall use notation := L^^ ot & Q ■ 

3.4 Integer forms of U^^{q). Let U^,^{q) be the qf^-^j-subalgebra of U^,^{q) 
generated by 



wYi^.;c\ 1 (^) 



t ' ' » ' » 



£,c,t,m & N;i = 1, . . . ,n 



then (cf. [DL], §3) this is a Hopf subalgebra of U^^^{q), with PBW basis (over k[q,q ^]) 

ni, . . . , njv, ti, . . . , in, "7,1, . . . , ruN e N 



r=N i=l ^ * ^ r=l 



this is also a k{q)-hasis of ^^^^(g), hence clearly U^{g) is a k[q, q ^]-form of U2^{q) . 
Let Ug^^{Q) be the k[q, g~^]-subalgebra of Ug^^{Q) generated by 

{FqI, . . . , Fc,N }U{L±,...,L±}U{F«i,...,£;,^} 

(cf. [DP], §12; see also [DK] and [DKP]); then this is a Hopf subalgebra of f/^^(0), having 
a PBW basis (as a k[q, g~^]-module) 



N 

■rrir 



r=N i=l r=l 



ti,...,tn e Z;ni,...,niv,mi,...,miv G N 



this is also a fc(q')-basis of Uq ,^{g), hence clearly Uq ,^{g) is a k[q, q ■'^j-form of Uq ,^{g) . 

3.5 Specialization at roots of 1 and quantum Frobenius morphisms. Since 
the integer forms we defined are modules over k[q, q~^], we can specialize them at special 
values of q. To this end, we assume for simplicity that our ground field k contains all roots 



^Notice that for (p = one recovers the usual 1-parameter quantum enveloping algebras: thus U^q{q) 
is nothing but J7q,M(S) of [DP], §9, hence in particular for M = Q we recover the "quantum group of 
adjoint type" of Jimbo, Lustzig, and others. 
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of unity (so that k[q,q~^]l {q — e) = k for any root of unity e; otherwise, speciaHzation 

will extend the ground field to k[q, q~^] j P£{q) = k{e) , where Pi^q) is the £-th cyclotomic 
polynomial and e denotes a primitive i-th root of 1); notice that this is the case for k = C . 
Let us begin with U^^^{q). For the case £ = 1 , set 

U?,^{d) U^^iQ) /{q- ^W^id) = U^As) ®M</,.-] ^ 

(where k is meant as a ^[5, g""'^] -algebra via k = k[q,q~^]/{q — 1)); let Pi'-U2^{g) ^ 
^1,1^(0) be the canonical projection and set fi :— pi (^F^"^^^, hi := pi ((^i*^))' ■~ 

pi (jH^^^^, for all i = 1, . . . ,n. Furthermore, observe that the algebras U^^^{q) for various 
(f are all canonically isomorphic; in particular they have the same presentation [as alge- 
bras) by generators and relations as U^{q) = U^Q{g) , which is given in [DL], §3.4; then 
one immediately finds that U^^{g) is a Poisson Hopf coalgebra, with a presentation by 
generators {fi,hi,ei) and relations which is exactly the same of 11(0^) (with r given by 
(2.1)) given in §1, hence we have a Poisson Hopf coalgebra isomorphism 

U?Jq) = U{Q^) ; (3.6) 

in a word, U^,^{g) speciahzes to U{q'^) for q ^ 1: in symbols, U2^{q) U{q'^) . 

Let now £ be a primitive £-th root of 1, for £ odd, £ > d := maxj {di}^ , and set 

(where k is meant as a /cfg, ^"^j-algebra via k = k[q,q~^]^ {q — e)); from [CV-2], §3.2 

(cf. also [Lu-2], Theorem 8.10, and [DL], Theorem 6.3, for the one-parameter case) we 
record the existence of a special Hopf algebra epimorphism 

: = uien (3.7) 

When (p = — whence r = — and £ — p is prime, it is shown in [Lu-2], §8.15, that 
.Frgo can be regarded as a lifting of the Probenius morphism Gz^ — ^ to characteristic 
zero; for this reason, we shall refer to J-^rg-r as a quantum Probenius morphism. 

Now for U^^^ig). Set 

U[jd) := U^jQ)/{q - l)U^,^id) = Ul^io) ®k[,,,-^ k ; 
it is known (cf. [DP], Theorem 12.1, and [DKP], Theorem 7.6 and Remark 7.7 (c)) that 

U[Jq) = F[H-] (3.8) 
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as Poisson Hopf algebras over k (here H'^ is the Poisson group defined in §1.5); in a word, 

UP^{q) speciahzes to F[H-] as g ^ 1 , or U^^^{q) ^ F[m] . 
For s a primitive i-th root of 1 {£ odd, £ > d := m.axi{di} ), we set 

from [DKP], §§7.6-7 (cf. also [DP] for the one-parameter case) we record the existence of 
a special Hopf algebra monomorphism 

Frg.: - Ul^{Q) ^ U^^iQ) (3.9) 

Just as for J-tqt , we shall refer to J-tq-t as a quantum Probenius morphism; in fact in 
case (fi = and £ = p prime it can be regarded as a lifting of the Probenius morphism 
— > -ffzp to characteristic zero^. 



§ 4 Quantum function algebras 

4.1 The quantum function algebras F^^[B±\ (cf. [DL] §4.1, [CV-2] §§2-3). Let 

F^^p[B±] be the quantum function algebra relative to U^^{h±), defined as the algebra of 
matrix coefficients of positive^ finite dimensional representations of U^^{h±) (cf. [DL], 
§4). Then F^^[B±] is a Hopf algebra, which we call dual of U^^{h±) because there 
exists a natural perfect Hopf pairing (evaluation) among them; it is also possible to realize 
F^^[B±\ as a Hopf subalgebra of t^^^(b±) (hereafter for any Hopf algebra H we will 
denote with H° (C H* ) its dual Hopf algebra, in the standard sense of [SW], ch. VI). 
Notice that, since multiparameter quantum enveloping algebras (with the same weight 
lattice M) are all isomorphic as algebras, then multiparameter quantum function algebras 
are all isomorphic as coalgebras. DRT pairings provide Hopf algebra isomorphisms 

F^ABA = KA^-)o, ' = <(^-)op ' = KJ^l, (4.1) 

induced by the pairing , resp. tt!^ , resp. nfi (cf. [DL], Proposition 4.2, and [CV-2], 
§2.3); by means of these, DRT pairings can be seen as natural evaluation pairings. 

4.2 Integer forms of F^^[B±] . In §2.5 we introduced integer forms of U^^{b±) : 
here we define the corresponding function algebras, which will result to be integer forms 
of Fg^[S±]. We set 

KJB±] := { / e F^^JB^ I {f,U^Jb±)) C k[q,q-'] } 

F?JBA := { / e F?JBA I (/, Kjb±)) ^ k[q, q''] } 



^Here H^p denotes the Chevalley-type group-scheme over Zp that one can clearly build up from the 
"Cartan datum" associated to H (mimicking the usual procedure one follows for )• 

^i. e. those for which there exists a basis in which the operators K^j, G M') act diagonally with 
eigenvalues powers of q. 
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where ( , ): F^^[B±] ® U^^{b±) k{q) is the natural evaluation pairing; then from (2.2) 
and (4.1) one gets 

F^AB±] = U^H)^^ , F2^m = UU^t)o, ; (4-3) 

in particular F^^^[B±] and are Hopf k[q, ^"^j-subalgebras and integer forms (over 

k[Q,Q~^]) of F^^^[B±] and F^^^[B±] respectively; we also have 

K''JB±] = U^^ih^r , f2^[B^] = U^^ib^f , (4.4) 

different isomorphisms arising from different kinds of DRT pairing (of. also (2.3)). 

4.3 The quantum function algebra F^^[G] and its integer forms. Like in §4.1, 
we let F^^[G] be the quantum function algebra relative to U^^{q), defined as the algebra 
of matrix coefficients of positive finite dimensional representations of U^^{q) (cf. [DL], 
§4, and [CV-2], §2.1); this is a Hopf algebra, which we call dual of U^^{g) because there 
exists a natural perfect Hopf pairing (evaluation) among them; in fact F^^[G] is a Hopf 

subalgebra of C/^^ (g) . 
As for integer forms, let 

KJG] := { / e F^^'JG] I (f^^jQ)) C k[q,q-'] } 
F?JG] := { / e F^JG] I (/, U^^Jq)) C k[q, q-'] } 



(4.5) 



where ( , ):F^ [G] (q) k{q) is the natural evaluation pairing; these are Hopf 



subalgebras (over k[q,q ^]) of F^^^p[G] and 

4.4 Specialization at roots of 1. It is shown in [CV-2] (generalizing [DL]) that 

KJG] ^ F[G-] (4.6) 

i. e. Ff [G] := F[JG]/{q - l)F^JG] ^ F[G^] as Poisson Hopf A;-algebras; in fact 



this result arises as dual of US^nio) ~ — ~^ U{q) . For e a primitive i-th root of 1 {i odd. 



£ > d :— maxi {di}- ) in k (we make the assumptions of the very beginning of §3.5), we set 

F^JG] F^^JG] /{q- e)F^''jG] - F^'^JG] k 

(where k is meant as a k[q, g~^]-algebra via k = k[q, q~^] j {q — e)); finally, from [CV-2], 

§3.3 (and also [DL], Proposition 6.4, for the one-parameter case) we record the existence 
of another quantum Frobenius morphism, namely a special Hopf algebra monomorphism 

^rGr:F[G^] - F[JG] ^ F^G] (4.7) 
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(dual of Tr^.-.U^M ^ = ^(s") )• 

4.5 Completions of F^^[G] . For later use, we also introduce some completions 
of quantum function algebras F^^[G]. Let (£<^ := Ker (^e: F^^^[G] k{q)) : we define 
F^^°°[G] to be the (£<^-adic completion of F^^[G], with its induced structure of topolog- 
ical Hopf algebra. The same construction work for integer forms: we define F^^j^[G], 
resp. to be the (S<^-adic completion of F^^^[G], resp. F^^^[G], where := 

Ker (^e:F[^^[G] k[q,q-^]^ , resp. 6^ := Ker (^e: F^^^[G] k[q,q-^]^ ; both of these 
are topological Hopf algebras over finally, we define F^^ip[G]^^_^^ ^ to be the 

(g — l)-adic completion of (which is naturally embedded into F^^[G])j which also 

is a topological Hopf algebra on its own. We shall prove later that all these are integer 
forms — in topological sense — of the corresponding Hopf algebras: for this reason we 
call all these new objects — the F^^°° [G] and their integer forms — (multiparameter) 
quantum formal groups. 



§ 5 Quantum formal groups 

5.1 Formal Hopf algebras and quantum formal groups. In this subsection we 
introduce the notion of quantum formal group. Recall (cf. [Di], ch. I) that formal groups 
can be defined in a category of a special type of commutative topological algebras, whose 
underlying vector space (or module) is linearly compact; following Drinfeld's philosophy, we 
define quantum formal groups by simply dropping out any commutativity assumption of 
the classical notion of formal group; thus we quickly outline how to modify the latter in 
order to define our new quantum objects, following the axiomatic construction of [Di], 
ch. I. 

To begin with, let E be any vector space over a field K (one can then generalize more 
or less wathever follows to the case of free modules over a ring), and let E* be its (linear) 
dual; we write {x*,x) for x*{x) when x ^ E , x* & E* . We define on E* the topology 
a{E*,E) as the coarsest one such that for each x & E the linear map x* ^ {x*,x) of 
E* into K is continuous, when K is given the discrete topology. A fundamental system of 
neighborhoods of in E* therefore consists of finite intersections of hyperplanes defined by 
equations {x*,Xj) = for any finite sequence {xj}^ in E; we can describe this topology 

by choosing a basis {ei}^^j of E : to each z G / we associate the linear (coordinate) form 
e* on E such that (e*, ej) — dij , and we say that the family {e*}^^^ is the pseudobasis of 
E* dual to {ei}-^j] then the subspace E' of E which is (algebraically) generated by the e* 
is dense in E*, and E* is nothing but the completion of E' , when E' is given the topology 
for which a fundamental system of neighborhoods of consists of the vector subspaces 
containing almost all the e|; thus elements of E* can be described by series in the e|'s 
which in the given topology are in fact convergent. Finally, the topological vector spaces 
E* are characterized by the property of linear compactness. 

When dualizing twice, any linear form on E* which is continuous for the topology 
a{E*,E) is necessarily of type x* i— > {x*,x) for a unique x E E , hence one gets back E 
as topological dual of E*. 

If now E, F are any two vector spaces over K, let E*, F* be their dual spaces, with 
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the topologies a{E*,E), a{F*,F); for any linear map u: E F, its transposed map 
u*:F* E* is continuous, and conversely for any linear map v. F* E* which is 
continuous there exists a unique linear map u: E ^ F such that v — u* . 

When considering tensor products, E* F* is naturally identified to a subspace of 
{E (8) F)* by the formula {x* ®y*,x®y) = {x*, x) ■ {y*, y) ; this also shows that if {ei}^^j 
and {fj}j^j are bases of E and F, and {e|}^gj and {//l^^j their dual pseudobases in 
E* and F*, then {e* ® fj}i^i j^j is the dual pseudobasis of {ej <S> fj}i^i j^j in (F (g) F)*. 

This proves that (F ® F)* is the completion of F* Cg) F* for the tensor product topology, 
i. e. the topology of F* (g) F* for which a fundamental system of neighborhoods of 
consists of the sets E* <Si V + W <Si F* where V, resp. W, ranges in a fundamental system 
of neighborhoods of consisting in vector subspaces of F*, resp. F*; we denote this 
completion by F* (8>F*, and we call it the completed (or topological) tensor product of F* 
and F*; the natural embedding of F* F* into (F F)* = F* ® F* is then obviously 
continuous. Finally, when u: Fi ^ F2 , v: Fi — > F2 are linear maps, the transposed 
map {u(^v)*:{E2(^ F2)* = E2* ® F2* — > (Fi Fi)* = Fi*§Fi* coincides with the 
continuous extension to F2* ® F2* of the continuous map u* ®v*: F2* (E)F2* ^ Fi* 0Fi* ; 
thus it is also denoted by u* ®v* . 

We define a linearly compact algebra to be a topological algebra whose underlying 
vector space (or free module) is linearly compact (this is exactly the same definition of 
[Di], ch. I, §2.7, but for the fact that we do not require commiitativity): then linearly 
compact algebras form a full subcategory of the category of topological algebras; morever, 
for any two objects Ai and A2 in this category, their topological tensor product Ai ® A2 
is defined. 

Dually, within the category of linearly compact vector spaces we define linearly com- 
pact coalgebras as triplets (C, A,£) with A:C — > C®C and e:C ^ K satisfy- 
ing the usual coalgebra axioms. Then one checks (with the same arguments as [Di], 
which never need neither commutativity nor cocommutativity) that ()*:(A,m, 1) ^ 
(A*,m*, 1*) defines a contravariant functor from algebras to linearly compact coalgebras, 
while 

( )*: (C, A,e) 1-^ (C*, A*,£*) defines a contravariant functor from coalgebras to linearly 
compact algebras. 

Finally, we define a formal Hopf algebra as a datum (ilf, m, 1, A, e, S') such that 

{H, m, 1) is a linearly compact algebra, (if. A, e) is a linearly compact coalgebra, and the 
usual compatibility axioms of Hopf algebras are satisfied. In the following, we shall also 
consider "usual" Hopf algebras as particular formal Hopf algebras. 

According to Drinfeld's dictionary, we define quantum formal group the spectrum of 
a formal Hopf algebra (whereas classical formal groups are spectra of commutative formal 
Hopf algebra: cf. [Di], ch. I). 

We will now use the language of quantum formal groups to construct a suitable dual of 
Drinfeld's double: 

Proposition 5.2. Let H^, be Hopf F-algebras, let tt: {HJ)^^ ® — > F be an 

arbitrary Hopf pairing, and let D := D{H-, H+, tt) be the corresponding Drinfeld's double. 
Then there exist F- algebra isomorphisms 

dual of the F- coalgebra isomorphisms D = Hj^ ® , D = ® provided by 
multiplication (cf. ^3.1). 
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Proof. It follows from the previous discussion that dualizing (3.1) yields vector space iso- 
morphisms 

D*^H+*^H_*, D* ^ H_*%H+* ; 

then a straightforward computation shows that this is an isomorphism of algebras, the 
right-hand-side being thought of as a topological tensor product of algebras. □ 

We apply all this to quantum groups. To begin with, consider the Drinfeld's double 
D^^{q), identified as a coalgebra with U^^{b+) (^U^^ib-); this is a Hopf algebra, whose 

dual is the formal Hopf algebra isomorphic to U^^(b+)* ® t/^^(b_)*. 

From DRT pairings one gets natural Hopf algebra embeddings U^^ip{bz^) '~^Uq^^ip{b±y; 
from these we get algebra embeddings U^,^{b-) ®U^^^{b+) ^ t/'g^<^(b+)* ® t/'^^(b_)*, 

P ^ ' Q ^ \ 

hence we will identify U^,^{b-) (g) C/^^(b+) with its image in C/q^^(b+)* (g) C/^<^(b_) . 
Lemma 5.3. The algebra U^,ip{b-) {b+) is a formal Hopf subalgebra of 

DIM* = uL{KT®u2^(b-)*. 

Proof. For the sake of simplicity we stick to (/? = , the general case being entirely similar. 

It is known (cf. [Lu-1], [APW], [Tk]) that the dual Hopf algebra of the quantized en- 
veloping algebra C/^o(s) = is 

where the symbol xi denotes a semidirect product of Hopf algebras and k{q)[Z,2^] is the 
(Hopf) group algebra of the multiplicative group Z2" (with Z2 = { — 1,+1}), acting on 
UQ{q) by (z/,),(£;,) :=0, {u,),{K^) := , {ly^) ,{Fj) := for all (iv,) . e Z2" . Similarly, 
letting k* := k \ {0} , one has 

U^{t)° = U^^{t)>.k{q)[{kT] 
U^{b-)° = U^''{b+)>.k{q)[{kT] 
U?{b+f = U[{b-)xk{q)[{kT] 

(the multiplicative group (/c*)" , acting on U^{g) by {ui)-{Ej) 0, (iJi)^{Kj) := 
fj , (z/'j)^(Fj) := for all (z/^)^ G (/c*)"), which in short hold because 

UQ{ir = k{q)[Qr - k{q)[X{Q)] = k{q)[P [k^T] = U^{i) x k{q)[{k^r] 
(where X{Q) is the group of characters Q k^q)-" , clearly X{Q) ^ {k{q)*)'' ^ P x (/e*)" 
with the action of = (z/i, . . . , z^^) G (fc*)" given by (I'jKi) = i^i , and we use the 
well-known fact K[r]° = i^[X(r)] for all fields K and all commutative groups F), and 
quantum Borel algebras admit triangular decomposition. It is immediate to check — 
looking at PBW bases and using [Sw], Theorem 6.1.3, namely: If if is a commutative 
Hopf algebra which is finitely generated (as an algebra), then H° is dense in H* — that 
f/Q(b±)° ^ U^{b^) X k{q)[{k*)''] is dense in U^{b±y, so that 
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(the symbols >^ denoting the obvious formal series completion); it follows that 

Then looking at definitions one immediately convinces himself that 

A(^t/,2(b_)§t/f(b+)) C (uhb-)^K{b+)^ § (uhb-)^U^''{b+)^ 
s(u,hb-)^unb+))=U,hb-)^U^{b+) 



whence the thesis. □ 

In light of the previous lemma, the non-degenerate canonical pairing 

Q * Q 

Dq,ip{Q) ® Dq^^{Q) k{q) given by evaluation restricts to a non-degenerate pairing 

Uq'^,^{b-)®Ul^{b+)^®DlM - {ui^b-^ 

of formal Hopf algebras, which is defined by 

{f ® g,x®y) ^ {f,x)^^ ■ {g,y)^^7r^{f,x) ■n'^{g,y) 

for all / G uiub-). 9 G t^^^(b+), x E uf,^{b+), y e U^^ib.) . 

Now consider root vectors Fq,, (a G ) defined in §2.4: we set 

Fl := = {q^ - q-')F^ , X := = (q^ - q-')E^ 

and Ef := E^ , F^^ := F^ , := E^^ , := F^^ for aU i (cf. [CV-2], §1.7). From 
now on, we let M be any lattice such that Q < M < P , and M' its dual lattice. 

Definition 5.4. H^e ca// A'^^ the closed topological subalgebra of U^^{b-) ^Ug^^{b+) 
generated by 

{ (8) 1, F-(i+<^)(A) ® ^a-<^)(A), 1 «) F^ I « e A e M } 
t/iai zs, A"^^ is the closure in U^^{b-) <^Ug^^{b+) of the subalgebra A'^'-^ generated by 
{ (8) 1, F_(i+^)(;,)' (8) 1 (g) F^ I a G A G M } . □ 

Proposition 5.5. The algebra A^^ is the subset A'^^ in U^^{b-) ^U^^^{b+) 
D^^{q) j of functions on D^^{q) which vanish on ^ . In particular, A'^^ is a 
formal Hopf subalgebra of C/^(b+) (g) C/^^(b_)*. 

Proof, (cf. [DL], §4.2, and [CV-2], Lemma 2.5) Again wc give for simplicity the proof for 
if = , the general case arising exactly in the same way putting (p throughout. 
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From the very definition of := K^' (cf. §3.3) it is clear that := is nothing 

but the subset of e U^{b-) (8) U^{b+) enjoying the property 

(j){EL (g) NF) = (piELN (g) F) = (p{E (g) LNF) , (5.1) 

for all E eUq{nj^), L,N e U^'{t), F e Uq{n-)] thus we have to show that is exactly 

the subset of functionals in U^{b-) ®U^{b+) enjoying property (5.1). 

First of all A^ have this property, for any element of A^ is a linear combination of 
elements FK-\ ® K\E where F, E are monomials in the F^'s, Fj's; thus we have 

{FK-x ® KxE, E'L ® NF') = TT-iF, E') ■ 7r_(K_A, L) ■ WZ(Kx, N) ■ WZ(E, F') (5.2) 

for aU E' eUq{n+), L,N e U^'{t), F' G Uq{n-). If we look at i^A, A G M, as characters 
of the algebra Uf{i), letting L(A) = 7r_(i^_A,L) VL e Uf{i) , then (5.2) reads 

{FK-x ® KxE, E'L O NF') = 7r_ (F, E') WZ{E, F') L(A) iV(A) ; (5.3) 
similarly we find 

{FK_x ® KxE, E' ® LNF') = n-{F, E') —{E, F') 1(A) LN{X) (5.4) 

{FK_x (8) KxE, E'LN ® F') = 7r_ (F, E') WZ{E, F') LN{X) 1 (A) (5.5) 

and right-hand-side of (5.3-4-5) are clearly equal. 

On the other hand, any (j) G U^^ {b-)(E)Uq (b_|_) is a (possibly infinite) linear combination 
of elements FK-a ® KxE; as above computation gives 

(FK_^ KxE, E'L ® NF') = ti-{F, E') WZ{E, F') L{a) N{\) 
{FK-^ ® KxE, E' (g LNF') = n-{F, E')WZ{E, F') LN{X) 
{FK-^ ® i^AF, E'LN ® F') = 7r_ (F, E') WZ{E, F') LN{a) 

thus (5.1) holds if and only if a = A. 

Now consider the Hopf structure. Since is a Hopf ideal we have S{^^ ) = , 
whence {S{f),ji^') = {f,S{A^^')) = for all / G , so that S{A^) = A^ . 
On the other hand, let f E A^ with A(/) = J2n9n^hn G {U^ (b-) ^U^ {b+)) g 
§ (t/f (b-)§[/f(b+)) = (t/f (b_)®t/f(b+)) g {U^ib-)®U^ib+)) (with n ranging 
in a possibly infinite set of indices); we can take a similar expression so that ^ Qn' 
for n ^ n' , and for each fixed factor there exists an Xn G U^{b+) <^ U^{b-) such that 
{dn, Xn) 7^ if and only if n = n; then for any fixed gjT we have 

= {f,Xn-y) = {A{f),Xn(g)y) = En(fi'n:^n) " (hn^V) = {On.Xn) ■ {hn,y) 

for all y G M.^ , whence hn G A^ = A^ ; we conclude that hn G A^ for all n, and 
similarly for gn, hence A{A^) < A^ ^ A^ . The thesis follows. □ 

5.6 Remark: notice that A'^^ can also be defined — as an algebra — as the €'-adic com- 
pletion of the subalgebra A"^'^ , where (£':=(£ n A'P'^ with € := Ker {e: A'^^ k{q)) ; 
thus A'^^ is a formal Hopf algebra, complete in the ^-adic topology. 

We now present one of the crucial steps, namely the realization of the quantum function 
algebra F^[G] as a formal Hopf subalgebra of A"^^ , thus improving [CV-2], Lemma 2.5 
(which extends [DL], Lemma 4.3, to the multiparameter case). 
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Theorem 5.7. Let pr^' : D^^{g) U^^^{q) he the canonical epimorphism of ^3.3. Then 
dualization gives an embedding of formal Hopf algebras 

iprff: <(0)* - D^:^{gf - <(b+)* § <(b_)* ; 

the restriction of {pr^ ) gives two embeddings of formal Hopf algebras, namely 
^i^: F^^[G] ^ A^^ , whose image is contained m A^'^ , and F^^°^[G] ^ A^^ , 

the second being continuous extension of the first. 

Proof. The statements about restrictions arc the unique non-trivial facts to prove. Recall 
(cf. §3.1) that the identification D^^^{q) = U^^{b+)(g)U^^{b-) is given by the composition 

where j±: U^^{b±) ^ D^^{q) are the natural Hopf embeddings, mo: Df '^ ® (fl) ^ 
D^^{g) is the multiplication of D^^{q) and we look at this composition as a Hopf algebra 
isomorphism (thus pulling back the Hopf structure on C/^(b+) <S> U^^{b-)); by dual- 
ity, the identification D^^{q)* = U^^{b+)* ^U^^{b.f is given by {ruD o {j+®j-)T = 
{j+<Sijl) o mo* ■ If rnu is the multiplication of U^^id), we have mu o pr^ ® pr^ = 
pr^ otud , hence dualizing 

yields (pr^ otud ° ij+ (E) j-)) — {pr^ °i+) ® (^pr^ ° j-^ ^t^u'i but pr^ ojj. coin- 
cides with the natural embedding i±: U^^^{b±) ^ (g), thus {pr^ o mu o = 
= (i*^. ^il.) om^j . Now is nothing but the comultiplication of (g) , which restricts 
to the comultiplication A of F^^[G], while p± := i*±:U^^{Q)* U^^{b±)* is the "re- 
striction" map, which maps F^^[G] to F^^[B±]; therefore 

(pr^' o mu o (j+ ® J-))* = (z; g.l) (A {F[JG])) C 

C p+{F^^JG]) P-iF^'-JG]) = F^PJB+] ® FJJB.] = U^^^{b.) ® Ul^{b+) ; 

we conclude that the embedding U^^{Qf ^ ^^^(fl)* - U^^{bp)* ®U^^{b-)* maps 
F^^[G] into U^^{b-) (g) U^,^{b+). From the very definitions it follows that /j^ {F^^[G]) 
vanishes on M.^ , hence (Proposition 5.5) we conclude that /j,^ {F^^[G]) C A'^'^ . 

Finally, from what we already proved it follows that the (Bp (the kernel of 
e: F^^[G] k{q) ) is exactly the preimage of (£a (the kernel of e: A'^^ — k{q) ), whence — 
because of §4.5 and §5.6 — the map p^: F^^^[G] — > A":^^ coincides with the continuous 
extension of fx^: F^^[G] A^^ , as claimed. □ 

5.8 Integer forms of A'^^ . In order to specialize our quantum objects, we need 
integer forms. Since A'^^ < ^pr^ j (j^q^<fi ) (Proposition 5.5), A'^^ can be thought 
of as a formal Hopf algebra of linear functions on f/^; therefore we define integer forms 
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In the sequel, for a pseudobasis we will mean a complete system of linear generators 
which are linearly independent (i. e. a basis in the sense of topological free modules). 

Proposition 5.9. The algebra A"^^ is topologically generated by 



{ ® 1, L_(i+^)(;,) ® L(i_^)(;^), 1 ® E^k 

and has the k[q, q~^]-pseudobasis of PBW type 



- 1,... ,iV;A e P+ } 



n {nr 



-£'-(l+^)(A) <H) ^(l-^)(A) 



h=N 



k=l 



ah, dkeN;XeP+ 



(5.6) 



in particular, it is a g ^]-form of the formal Hopf algebra A'^^ 
(b) The algebra A"^ is topologically generated by 



^-(l+<^)(aO®^(l-<^)(a.);C j ^l(^(^</'^)(^) 



and has the k[q, q~^]-pseudobasis of PBW type 

h=N i=l^ * ^ fc=l 



\/ h,k,i, a,t,d gN, c e Z 



a/„ti,4eN^; (5.7) 



m particular, it is a k[q,q ^]-form of the formal Hopf algebra A'^'^ . □ 

Proof, (a) It is clear that (5.6) is a (PBW- type) /c(g)-basis of A"^^] thus, given / e A"^^ , 
write it as a (possibly infinite) sum 

f = Y.a^-F:-n^-®K^^-El 
(J 

where G k{q) and the F^'s, resp. the ® L^'+'s, resp. the £^^'s, arc ordered 

monomials in the -Fife's, resp. in the L_(^i^,^y\) ® -^(i-(^)(a) 's, resp. in the E^k's {k = 
1, . . . , A^, A e P). For any monomial of divided powers E ■ (K) ■ F in the PBW basis of 
^2^(9) we have 



/,E . (K) • f) = J]a. ■ (f^ . L^'- L^'+ . • (K) ® 1 • F; 

V 
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For any fixed a, there exist divided powers monomials E^, such that (f'^, Ea- , 

= , (e'^, %)— = ±9* for some r, s e Z, and (T^^ , E^^ ^ = > ^ ^^)— " ° 
for all PBW monomials ^ and F^ (cf. (2.2)); then 



J, E^ . (K) . F^) = Z.es a.e,Q'^+' ■ (L^'", (K))^. 
(where 5 := | cr | — F^, F^ = F^ | and e^- = ±1 ) which can be rewritten as 



F^>f< E^, {K) ®l^ = «a6.g^+^ • (F^'-, (K))^_ 

(where >, resp. <, denotes the left, resp. right, action of ?7^^(0) onto U^,^{q)* ); therefore 

(h>f< %) = J2 ^^^<rq'-+' ■ ® (5-8) 

(notice that t^^<p(t) = U^{t) as Hopf algebras). Now if / e A^^, we have that 
(Fa->f<E^^ ®2 is integer valued function on t/^^(t)^ = U^{i)^ , whence 

from (5.8) and (2.3) we get a^je^jq^^^ e k[(l,Q~^] hence a^. e q'"-'^] , for all cr e 5; in 
particular a^^ G /cfq", (/~^] : since this can be done for all a such that Oo- 7^ we conclude 
that cifj G q'"^] for all coefficients tta- Conversely, if the latter holds we clearly have 
/ G A"^^ . It is then clear that A'^^ has the above PBW pseudobasis over k[q,q~^], has 
the claimed set of (topological) generators, and is a Q~^]-form of A'^^ . 

Now look at the Hopf structure. Let / G A'^-^ ; write A(/) in terms of the PBW basis. 



a 



(for possibly infinite a); as above we have to prove that G k[q, q~^] for all a, and we 
proceed as in the first part of the proof. Since / G A"^^ , i. e. it is an integer valued 
function on C^^<^(0), then A(/) is an integer valued function on U^^id) ^U^ipio)- For any 
fixed a such that 7^ we locate PBW monomials F^, F^-, F^, F^ such that 



((f|'®f^)>a(/)<(f^®f^)) 



where S := < a 



F:=nX= M, {K)' = {n)\ {K)' = (M)' ] and = ±l; 

but (^(^Fa^ (g) F^ j > A(/) <i ^Fct- (g) -E'aj j --Qj-^-j^a integer valued, hence like above we get 

acrCc^q'^'^^'^^ G k[q,q~^] and a<j G for all a E whence we conclude the 

same for all a^-: thus A(/) G A'^^ ^ A^^ , i. e. A"^^ is a (formal) subcoalgebra of 
A'^^. Furthermore, 1 G A^-^ by definition, e (^A'^^^ < k[q,q~'^] , because 1 G U^,^{q) 
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and S (a^-^) = A^^ because S {u^,^{q)^ = U^^^{q). Thus A^^ is a (formal) Hopf 
subalgebra of A'^^ over k[q,q~'^], q.e.d. The last part of claim (a) is trivial: just re- 
mark that (for all A G P+ ) i^(i+<^)(A) ® i^-(i-<^)(A) = (i^-(i+<^)(A) ® ^(i-<^)(A)) = 

= (l - (l - L_(i+^)(A) ® = Er=o (l - ^-(i+¥')(A) ® L^i_^)^x)T ■ 

(b) mimick step by step the proof of (a). □ 

5.10 Remarks: (a) Notice that, letting 

:= { / e A^'P (/, [/^?^(0)) C g-^] } 
>,Q I J g ^<,,Q (^f^ul^{Q)^ c A:[5,g-i] } 

one can define the algebra A'^^, resp. vl^*^ , as the 6'-adic completion of the subalgebra 
A'^'^, resp. A'^'^ , where e' := enl*^'-^ with € := Ker (e: A"^^ k{q)) , resp. := 6n 
n^'^'Q with e := Ker (e:^^;^ ^ k{q)) ); therefore A^^, resp. A'^^ , is a formal Hopf 
algebra over k[q,q~^]^ complete in the €"-adic topology, with (S" := 

:= Ker (^e: A'^^ k[q, q'^]^ , resp. (£" := Ker (^e: A^^ k[q, q'^]) . 
(b) The analysis in the proof of Proposition 5.9 also shows that 



l>'^,a;^ C k[q,q-^] } 
Av^Q^x) C k[q,q-^] }. 



The following proposition — whose proof is trivial from the previous results — describes 
the behavior of integer forms under the natural embeddings /j,'^'^ , /x^^; in particular, it 

affords another proof of the fact that F^^[G], resp. F^^[G], is a Hopf subalgebra (over 
k[q, q-']) of F^^JG], resp. F^JG]. 

Proposition 5.11. The natural embeddings preserve integer forms, namely 

so that restriction gives embeddings of formal Hopf algebras over k[q,q~^] 

^^^^''■.F^'':^[G]-^A^^'', ^^^J^F^^^^[G]-^A^Q.^ 

5.12. The result above can in fact be refined, extending embeddings to isomorphisms. 
Let e MnP+ , and let be an irreducible t/^(g)-module of lowest weight — /i (recall 
that U^^{q) = U^'{q) as algebras, hence their representation theory is the same). Let 
7^ be a lowest weight vector of V_^, and let e be the linear functional on 

defined by (a) 4>-^{y-^) = 1 and (b) vanishes on the unique ?7q^(t)-invariant 
complement of k{q).V-^ in V-^ ; let := ^,y_ ^ be the corresponding matrix co- 



efficient, i. e. ip^i^-.x h->- (f)^ij_[x.V-ij) for all x e f^^(s); finally, let p := 
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5 := X^j^i cti . Then we can refine Proposition 5.11 with the following result, which im- 
proves [DL], Theorem 4.6, and [CV-2], Lemma 2.5: 

Theorem 5.13. ^ ^ 

(al) The embedding /i'^'^: F^^^[G] ^ A^'^ extends to a k[q,q~^]-algebra isomorphism 



it follows that F^^^[G] is a k[q,q ^]-form of F^^^[G]. 

(a2) The algebra Fq^^^[G] [V'-p] naturally embedded into F^^'^[G]; it follows that the 
isomorphism in (al) coincides with the restriction of iJi%i^ , and the latter is in fact an 
isomorphism IJ."^^: Fq^-'^[G] ^ A."^^ of formal Hopf algebras over k[q^ Q.~^]- 

(bl) The embedding |JL'^f'^•.F^^p[G] ^ ^v'.Q extends to a k[q^q~^]-algebra isomorphism 



^i''^^■.F2^[G][^-_]] 

it follows that F^^IG] is a k[q, q-^]-form of F^^^[G]. 

(b2) The algebra -F^<^[G] [^ZW is naturally embedded into F^^IG]; it follows that the 
isomorphism in (hi) coincides with the restriction of /U^*^, and the latter is in fact an 
isomorphism /U^'^: F^H^iG] ^ ^^'^ of formal Hopf algebras over k[q^ q~^]- 

Proof. Once again we stick for simplicity to the case (p — Q . 

It is shown in [DL], §§4.4-6, that /U^:F^[G'] "-^ extends to a /c[q', g"^] -algebra iso- 
morphism F^[G] [V'-p] — ; then scalar extension gives a /c(g)-algebra isomorphism 
H^: FP[G] [V'ZJ] = A^ ; then A^ be a k[q, g-i]-form of A^ implies F^^iG] be a k[q, q'^]- 
form of F^^^[G]; thus (al) holds. The same argument (disregarding integrality) shows 
that ij9\F^[G] ^ A^ extends to a /c(q')-algebra isomorphism ij9\F^[G] [V'ZJ] = A^ . 

Furthermore, computations in [DL] give = K-^ ® for all weights ; thus 

in particular for fx = ai and /j, = S we get 

//Q = Kr^ ®Ki, ijfi (i/j^s) = K_s ®Ks, {^z]) =Ks® K_s (5.9) 

whence i^i G Im [iJ'^) for alH = 1, . . . , n . Even more, from the proof of Theorem 
4.6 of [DL] we also get that (g) 1, 1 ® e //^ {Ff[G]) , hence also F^^ 1,1 ® 
E^"^ e IJ,^ {F^[G]) (for all z = l,...,n, /,e e N); then from Proposition 5.11 we get 
F^^ ® 1, 1 E^^^ e iJp (f^[G]^ , for all z = 1, . . . ,n and /,e e N; similarly, we have 

K~'^ ®Ki = fJ,'^{zi) e iJ,^ (^Ff[G]^ , with Zi := ip-ai e F^[G] , because of Proposition 
5.11. Thus (from (5.9)) 

n KT' ^kA. {Ks ® K_s) e /.^ [f^[G] [V^ZJ]) 
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and on the other hand 



t J' L\ ^1-1 



and again by Proposition 5.11 we get {^'^'') e F^[G], thus (^^' ^®Ki;c^ ^^^^ 

All this and Proposition 5.9 give (^F^[G] [i^Zl]) = ; then be a k[q, q -"^j-form 

of A^ imphes F^^^iG] be a k[q, g-i]-form of Ff^^[G], thus (bl) holds. 

Now consider (al): notice that K^s ® Kg = 1 — (1 — K^s ® Ks) = 1 — y, where 
y := 1 — K-s ® Ks ^ (B :— Ker{e: A^ — k[q,q~^]) ; thus on the other side we have 
ip-S 1 — (1 — i^-s) — I — X , where X := 1 — ip^s G <£ := Ker Fl^[G] k[q^ 
(for n^: F^[G] ^ A^ is a morphism of formal Hopf algebras); therefore ifj^s is invertible 
in F^^^[G], lis inverse being E"=o = T.n=o (1 - '^-&T (cf- §4.5), hence F^IG] [V'Zj] 
embeds into F^'^[G] and (a2) follows. Similarly for (h2). 

The same argument works for general too, starting from [CV-2], Proposition 2.7. □ 

5.14 Gradings. RecaU that U^^{b±) has a g±-grading U^;j,h±)^®cceQjU^J,^±))^ 
given by the direct sum decomposition into weight spaces for the adjoint action of U^^{t). 
These are gradings of Hopf algebras (in the obvious usual sense), which are inherited by 
integer forms t/^^(b+), [/^^(b_), etc. etc., and are compatible with (or respected by) DRT 

pairings, viz. for instance tt^ (^{U^^^{b-)) {U^^^{b+))^^ = for all /? e Q_, 7 e Q+ 
such that /? + 7 7^ . 

The gradings of Borel subalgebras provide a Q-grading of the Hopf algebra D^^(q) = 
— ® ^^(^(^-) (inherited by the quotient Hopf algebra U^^^{g)), the subspace 

(C/^(b_(_))^(8) ([/^^(b-))^ having degree /?— 7, and a Q-grading of the formal Hopf algebra 
U^^{b-^-) ®U2ip{b-) ] it is clear that the restriction of the natural evaluation pairing 
D^^{q)* D^^{q) k{q) respects these gradings. 

5.15 Computational results. We now look for concrete information about the formal 

Hopf algebra structure of A'^^ and A'^'^ and their integer forms. 

First of all, the counity e: D^^^{q)* — » k{q) is defined as £ := 1* , hence e{x*) := (x*, 1) , 
for all X* e D^^^(g)* ; thus in particular the restriction e: A'^-^ — > k[q, q~^] is defined by 

®l)=0, £ (L_(i+^)(A) ® = 1 , s(i®eI,'^=0 

and by scalar extension these same formulas define also e: A'^^ —>■ k{q). Similarly, 
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e: k[q,q ^] comes out to be defined by 



-f^-(l+<p)(ai) ® -f^(l-<^)(ai); C 

e {Ki ® K-^) = 1 , £ (l ® (Sf )^'^) = 



and by scalar extension these same formulas define also e: k{q) . 

Now for the antipode S: D^^^{g)* D^^^{q)* : it is by definition the transpose of 
the antipode of D^^^{q), hence it is characterized by {S{x*),x) = {x*,S{x)), for all 
^* e DQJq)*, X e DQJq). Now consider i^^ ® 1 G U^^Jb-) ^U^''Jb+) < DQJqY : it 
is homogeneous of degree — , whence 5" {F^ (g) 1) has the same degree (for 5" is degree 
preserving, the Q-grading being compatible with the (formal) Hopf structure: cf. §5.14). 
Thus writing S {Ff ®1) as a series 

S {Ff ® 1) = • F^Lt^- ® L^'+E^ 

(where F^L'^' ® L^'+i?^ denotes a PBW monomial) we have Co- 7^ only if 
deg{F^L^^- ® L^^+Ep := deg{F^) + deg{E^) = -a, . 

The integer form A'^^ of A'^^ inherits a Q-grading, and the same procedure gives us 

s {n^ ® 1) = E ■ ^r^^'- ® L-'+x (5.10) 

(for h = 1, . . . ,N) where c~ G k[q, q~^] and the F^L^'~ (gjL^'+E'^'s arc PBW monomials 
of degree deg(Fl) + deg{El) = -a'^ . Similarly for (Ff )^-''^ 1 e one has 

5((Ff)^^)®l) =^a;-F,^(X^'-)®(X^'+)E^ (5.11) 

(for / e N, i = 1, . . . , ?i ) where a" G g"^] and the F^{K^-) ® {K^'+)E^'s are PBW 
monomials of degree deg{F^) + deg{E'^) — —fat . But we can compare A'^^ and A'^^ by 

means of the obvious embedding A'^^ ■— A'^^ ; since (F'^h)^ ® 1 = (gQ,/» — )'^ • [/]q ^ • 

(F^J(^)®1 and l®(:B:.)' = (9«^-9:.')'-[e],^,-l®(£^:.)^'^ ( /c = 1, . . . , iV; /, e G N), 
direct comparison between (5.10) and (5.11) gives a~ — {q — q~^)^'' ■})„ ■ c~ , where ha G 
k[q,q-^] and e. := Ef=i(/. + e.) , with = HLat (^^J^^''^ , = YiLi iK^f"^ ■ 
In particular, we can write S (j^F^^)^^^ <S> 1^ as a series 

CO 

5 ((Ff )(^) ® 1) = E - ^"')'' ■ ■ ® (5.12) 

«;=0 

(with di^ G A;[g, q~^] for all ac G N) which is convergent in the (g — l)-adic topology of A'^^. 
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Similarly one finds that S O 5" ® i^(i_<^)(_„^)), 

5 and 3(1® (Ef)''''^^ are expressed by series which are con- 

vergent in the (g — l)-adic topology of A'^'^. In particular, all such series are in fact finite 
sums modulo {q — 1): we will now compute the first terms of these series. 

For S {Ff ® 1) the first term — call it — attached to k = in the series (5.12) 

corresponds to the summands a" • F^{K^-) (g) {K^'+)E^ in (5.11) such that d (^F^^ + 

+d [e^) = 1 , with d (Uti in^f'^^) ■■= ELiv h , d {ULn iK^f"^) ■■= ^ti ek ; 
thus we find a condition XlfLi(/s + ^s) = 1 ; on the other hand, these terms must have 
degree deg (^F^^ + deg (^E^^ = -a, : we conclude that F^ = Ff and = 1 . Now 

remark that Ti takes non-zero values only on PBW monomials (of Uq^{Q)) like • L\ , 
A G P; let Vi^i be the /c[g, g~"^]-span of such monomials: this is a free t/^^(t) -module of 
rank 1; then direct computation shows that J^i -[■ ■ F^'^iir_(i_|_<^)(_Q,.) ® K(i_^)(^_(^.^ is 

zero in (Vi^^)* : we conclude that Ti = —q^^ ■ F^'^ii'_(i+(^)(_aj) ® -^(i-v3)(-ai) ; hence we 
can write (for all z = 1, . . . , n ) 

S (Ff 1) = -g(«^l«^+-^) . Ff ® mod (q - if . 

With similar arguments we find that (for all i = 1, . . . , n, c e Z, t e M ) 

S (i^-(l+<^)(±ai) ® i^(l-<^)(±ai)) = ^-(l+<^')(Tai) ® "^^^ ~ 

8(1 Ff) = -g(«^l«^-0 . ® mod (g - 1)2 



The comultiplication A: D^^^{g)* — > D^^(0)* (g) -0^(^(0)* is by definition the transpose 
of the multiplication of il)^^(g), hence it is characterized by (A(a;*), y0z) = (x*, y-z), for 
all X* e DQ^{q)\ y, ^ G D<^^^{q). Now consider i^^®l G U^Jh.) g t/^'^(b+) < I^J^(0)* : 
it is homogeneous of degree — ctj , whence A [Ff ®1) has the same degree. Thus writing 
A [Ff ® 1) as a series 

A (Ff ® 1) = E. • (Ff i^^'- ® L^-^^E^P) ® {FfL^y ® i^^'+'i?f ') 

(where FfL^-®L^'+E^ and FfL'^-'®L'^'+'Ef' are PBW monomials) we have Ca ^ 
^ only if degUFfL^'- ® L^'+Ff ) ® (Ff 'L^'"' ® L^'+'F^')) := degiF^) + deg{E^) + 
+deg{F^') + deg{E^') = —ai . Applying this argument to A'^^ and proceeding like for 
the antipode, we get 
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where G k[q,q ^] and the occurring PBW monomials have degree — . Similarly 
A((i^^f^®l) =^a;-(F,^(Kr-)®(K^'+)E^)®(F/(K^'->(K^^^^ (5.14) 

where a~ G k[q,q~^] and the occurring PBW monomials have degree —fai. Now 
comparison between (5.13) and (5.14) gives again a relation a~ = {q — q~^Y'' ■ ■ c~ 
where G k[q, q-^] and e, := Ef=i(/« + + /i + e^) , with = JJLn iK>^f'^ ' 
^^ = nti(^r.)^"^ and (F<r)' = ^Liv(^:.)^^^^ (^^)' = nti(^r.)^'^^- Therefore 



a"* 

oo 



A((i^^)^^)®l) = J] (g - g-i)'^d,- (F,ni^.^'-)®(i^r'+)^r) ® (^^^te'"')® 



K=0 



(d^ G k[q, q V«:GN), a convergent series in the {q — l)-adic topology of A"^^ ® A'^'^. 
Similarly, we find that A (ii:_(i+<^)(„^) O K(i_<^)(„^)), A (ii:_(i+^)(_^.) (g) K(i_<^)(_„^)), 

A j g^^^ A (^1 (g) (Ef)'-''^^ are expressed by convergent series in 

the {q — l)-adic topology of A^'^ A^*^. In particular, all such series are in fact finite 
sums modulo (g — 1), whose first terms are given (proceeding like for S) by 

A (Ff ® 1) = (i^^ ® 1) (1 1) + 

+ ^ i^(i-^)(ao) ® (^f ® 1) "^od (g - 1)2 

A(-f^'-(l+<p)(ai) ® -f^(l-<p)(ai)) = 

= (g) i^(l-c^)(a,)) ® ^ -ft^(l-c^)(ai)) "^Od (g - 1)2 

= (K_(i+^)(_c,,)®-fi:(i-^)(-ao)®(^-(i+¥')(-ai)®^(i-^)(-«i)) "^od (g- 1)^ 



\ 1 ® (^-(l+^)(aO®^(l-^)(«i)) + 

+ (1 1) ® (^^-(^+^)("^) ^ 0^ mod (g - 1) 

A (1 ® ) = (1 ® 1) ® (1 £;f ) + 

+ (1 ® ) ® ® i^(i-.,)(a,)) mod (g - 1)^ 

(for all z = 1, . . . ,n); moreover, for later use we also record that the same analysis gives 

AT 
s=l 

(g mod (g - 1)^ 
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from which we immediately get 
A 



1 



/K_(i+^)(a.)®is:(i_^)(a.);0\ . . 



+ (1 1) ® + 



N 



s=l 

(g) (g) (F^«K_(i+<^)(o,.) ® mod (g - 1)^ . 



Remark: in the Appendix we shall explicitly write down the formulas for S and A in 
the case of SL{2, k). In any case the technique we outlined here can be succesfuUy followed 
in order to compute the higher order terms of the series above up to any fixed degree. 

The computations above have an important consequence; first a definition: 

Definition 5.16. We call A'^^'^i-^ ^ the {q — l)-adic completion (which is naturally em- 
bedded into A^^) of the k[q,q-^]- algebra Ac^^ defined in 111.9. □ 

The previous results about the (formal) Hopf structure of then imply 

^(g-i),oo is a formal Hopf subalgebra of A'^ over k[q,q-^]. (5.15) 
Moreover, we can improve Theorem 5.13 (b2) by the following 

Theorem 5.17. The algebra F^^^[G] [i^Zl] is naturally embedded into F^^^[G]^^_^^ ^; it 

follows that the k[q,q~^]-algebra isomorphism /j,'^'^: F^^^[G] [i^Z]] — * A'^'^ (cf. Theorem 
5.13 (bl)) continuosly extends to an isomorphism of topological Hopf algebras over k[q,q~^] 

^(q-l),oo--^g,¥'M(g_i)^oo ^^(q-l),oo " 

Proof. Let consider the case (p — Q . From the proof of Theorem 5.13 we recall that 

= K.s ®Ks^ n-=i ®K,^ n-=i /^"^(^-aj 
(cf. (5.9)); since definitions give 

K-'®K, = l + {q, - 1) = 1 - (-i)(5, - 1) (^r^^^.;o^ 

we have 

-1 



(K-'^K,) = (l-(-l)(5,-l)( ' ^ 



1 



(5.16) 



n=0 
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but extending uP to \G\, , , one gets 

this along with (5.16) and injectivity of fi^: F^'°°[G] ^ (cf. Theorem 5.13) gives 

n=0 ^ ^ 

The same argument also works in the general case, replacing K^^ ® Ki with 
-fC_(i+<p)(Q,.) <8) -f^(i-<p)(ai) • The thesis follows. □ 



§ 6 Quantization of ^7(t)^) 

6.1 The quantum algebra ?7^(f)) . The results we discussed in §5 can acquire more 
brightness by means of an axiomatic approach: to this end, we introduce now a new object 
C/^°°(f)), by means of a presentation by generators and relations, which is with respect 
to U{t)'^) what U^^{g) is with respect to U{g'^). 

Fix a lattice M {Q < M < P); let U^^{\j)^ be the associative A;(q')-algebra with 1 with 
generators 

l,...,n) 



and relations 



TV 

^0 



KEf - 



1— Oij 

E (-1) V 

fe=0 

1 — flij 

fc=0 



g »j 



1 — a 
k 

1 — a 
k 



l—aij — k-^ip^-^ip^k _ Q 



(6.1) 



where cf_^- := -(A;a,|rj + (1 - a^j - k)T,) - {aj\{l - a^j - k)Ti) and i, j, h = 1, . . . ,n , i j , 
jJi,^ & M. Then let e': U^^{i))^ k{q) be the A;(g)-algebra morphism defined by 

£'(Ff):=0, £'(L)J) :=1, £'(i?n:=0, Vi = 1, . . . , n, /x G M 

and set € := Ker{e') . Finally, we define ?7q^°°(f)) to be the ^-adic completion of U^^{i))^, 
with its natural structure of topological /c(g)-algebra. Roughly speaking, this is an algebra 
of (non-commutative) formal series in the given generators with the (6.1) as commutation 
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rules; in short, is the topological algebra over k{q) generated by , L^, Ef 

{fj,e M;i=l,...,n) with relations (6.1). When M = Q we shall also set := for 
all a G (5 (and more in general Lf := L^. , Kf := K^., for alH = 1, . . . , n). 

The key point now is that results in §5 — especially Proposition 5.4 — provides a 
concrete realization of the algebras U^^^'^{i)), while endowing them with a structure of 
formal Hopf algebra too: 

Theorem 6.2. The rule 

(\/ i = 1, . . . ,n, X & M ) defines a k{q)-algebra isomorphism f'^: U^^°°{i)) ; then 

the pull-back of the Hopf structure of A'^^ defines a formal Hopf algebra structure on 
U^^°°{i)), so that vf^ is an isomorphism of formal Hopf algebras overk{q). 

Proof. Trivial from the very definitions. □ 

6.3 Integer forms of f^^°°(J))' In this subsection we introduce integer forms of 
C/^^°°(f)) and t^^^(f)); in this formal approach, it can be done like for U^^{q) in §3.4. 
Let U^l^i^) be the complete fc[g, g~^]-subalgebra of U2'^{^) generated by 

{ {Frf\ (^V ') , {Efi"^^ I A c, t, m e N; z = 1, . . . , n } (6.2) 

where {F^)^^\ ^^{''^^ , and (Ef)^'^^ are usual divided powers (we do not need the 

(Kf) ^^s among generators, because {Kf)~^ = (1 — (1 — Kf)) ^ = 
= Yl'^=oi^ ~ ^t)^ ); easily check — for instance looking at quantum Borel 

subalgebras, which are naturally embedded inside ^/^<^°°(f)) as well as inside ^/^^(fl), and 
exploiting the analogous results for U^^^{q) — that U^;^{\)) has a PBW pseudobasis (over 
k[q,q-^]) 



r=N i=l ^ * ^ r=l 



mr,ti,nr e N yr,yi > . (6-3) 



Then U^^^i)) is an integer form (over k[q, q~^]) of U^^i^)) in topological sense, that 
is k{q) ®fe[g,g-i] t^^<^°°(f)) is dense in U^^i^) (with respect to the S-adic topology). 
Now let Uq i^{i)) be the complete g~^]-subalgebra of U^i^{i)) generated by 

{^r.,...,^:^}u{(Lr)^\...,(L-)±^}u{F:„...,E:.} 

where F^r- := {qa^ —Qa^)Far , E'^t := (^a^ ~Q.a^)Ea^ , Vr = 1, . . . , A?" , as usual; one checks 
— again via Borel subalgebras — that Uq^l^{l)) has a PBW pseudobasis (over k[q, q~^]) 



N 



r=N i=l s=l 



nir, ti, Us e N Vr, z, s 
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therefore U^j^{i)) is a /c[g, g ^]-integer form of U^'^{1:)) (in topological sense). 



Finally, we define ^^<^(W(q_i) oo ^® '•^ " l)"^dic completion of the k[q,q ^]- 
subalgebra of U^j^{i)) generated by the set in (6.2); then U^,^{t:)) ^ is a k[q,q~^]- 
subalgebra of t/g^^°°(f)), with (6.3) PBW pseudobasis (as a topological k[q, q ^]-modu- 
le); notice also that (i^f)"^ G f/g^^°"(f)) , for (Kf)~^ = (1 - (1 - i^f ))"^ = 

= EZoi^-KfT = Er=o(-l)fe-l)(''\^°)" e t/^^(f))(,_,),^. In particular 
oo is integer form of ^7^;^°°(f)) (in topological sense). In the sequel we 
shall also use the notation U^,„(h) := U^,„(h), 

q,<f>\// i/jV ^ '-^ (g — 1),00 

Now from the very definitions, Proposition 5.9, Definition 5.16, and (5.15), we easily 
get the following (notice the reversal of accents " ^" and " ~ "): 

Proposition 6.4. 

The formal Hopf algebra isomorphism Pq-. U^i^{bi)^A'^ , resp. Vp-. Uq^'^{\})^A^^ , 
resp. u:^:UQ^°-ji))^A^Q , maps U^^-^i^, resp. U^^{i)), resp. U^Jt)) ^^_^^^^,Jsomor- 
phically onto A"^^ , resp. A"^^ , resp. A"^^^^ ^; in particular, ?7^<^°°(f)), resp. Uqj^{^), 
resp. U^,ip{^) a formal Hopf subalgebra, hence a (topological) k[q, q~^]-form of 
the formal Hopf algebra U^l^ih), resp. U^^(f)), resp. U^^^i^))- □ 

6.5. Presentation of U^^i^))- Exploiting the analogous result for U^{q) (cf. [DL], 
§3.4), we can present U^^^{\)) := t/^^(f))(^g_]^^ ^ as the {q — l)-adic completion of the 

associative A;[g, g-^j-algebra with 1 generated by Kf, {Kf)~\ {^'t'"), {Eff''\ {F^f'^ 
[c^'L., t^r^seN, i = 1, . . . , n) with relations 



t J \ t 



.=0,(g,-l)( y ]=Kr-l, Vi 



Kr;c\/Kr;c-t\n + s\ fKf;c 



Kt-c+l\ ,[Kt-c\ _ (Kf;c 
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t 



= E(-i)' 



p=0 



V p 



1i 



-t{c+p)+p{p+l)/2 (p + c-l\ fKf;0 



Kf-c+1 



4. I ' 

t — P J 

Vt > 1 



Vc> 1 



11 









r + s 




r 




r + s 




r 



(0) 



(0) 



9{ 



= l—aij 



r+s=l— a 



r+s=l— Oj 



in fact it is enough to use generators ^'^^f''^^, {F'i)^^\ {Fi')^^^ ■ Then computations 
§5.13 — via the isomorphism i/^ — yield the following (for all z = 1, . . . , n ): 



m 



Kf;0 
1 



Kf + 1 



^r;0 
1 



AT 



£(Ff) = 0, e(£;r) = 



mod 


(9- 


If 


mod 




I? 


mod 


ii- 


If 


+ 






mod 


(q- 


1)3 


mod 




If 
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S (Ff ) ^ -q-' . Ff{Kt)-' mod {q - 1)^ 

S{Kf)^{Kfy' mod (5-1)2 



2 



mod(g-l) 

5 (Ef ) ^ -5+2 . (Kr)-^£;r mod {q - 1)2 



§ 7 Quantum Poisson pairing 

7.1 The natural embedding i^: F^^[G] U^^{\)) . In this section we fit together 

the results of §5 and §6 to construct perfect Hopf pairings U^^°^{i))<^U^^^ (g) — > k{q) which 
— in a sense to be explained in §8 — will provide a quantization of three classical objects: 
the Hopf pairings F[G^](S)U{q^) k (or F^[G^]^U{g^) ^ /c ) and U{i)^)®F[H^] k 
(or L''(f)'^) (g) F°°[H'^] — > k ) and the Lie bialgebra pairing f)^ ® 0"^ — > /c ; therefore we shall 
call them "quantum Poisson pairing". We define formal Hopf algebra embeddings 

cM /.f \-l ^ , M' rAf'r^i , ttM,ooiu\ 

and review results of §5 in terms of §6; in particular, we single out the following: 
Theorem 7.2. 

(a) The embedding C^'F^^^IG] ^ U^j^{\:)) induces embeddings of algebras 

isomorphisms of algebras 

F^JG] [VZj] ^ U^^Jl))^ , F^^JG] [^Zj] ^ C/,^^(^)o 

and isomorphisms of formal Hopf algebras 

in particular F^'^[G] is an integer form of F^^j^[G] (in topological sense). 

(b) The embedding i'^'-F^^lG] ^ U^^^{[)) induces embeddings of algebras 

isomorphisms of algebras 

and isomorphisms of formal Hopf algebras 

ej: FQ^^[G] ^ C/&°°(^) , ^J: FQ^^[G] ^ C/&°°(f)) 

^i;/iere := %) F.^^fCj^^^,,)^^ and U^J^) := k{q) 

^?,v(^\q-i),oo' in particular FQ^°°[G] and F^^^[G]^^_^^^^ are integer forms of F^^IG] 
(in topological sense). □ 

7.3 The quantum Poisson pairing. Since is a formal Hopf subalgebra of 

[/^(g) (cf. §5), restriction of the evaluation pairing yields perfect Hopf pairings 
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Exploiting the isomorphisms u'^ we then fix the following 

Definition 7.4. We define quantum Poisson pairing the perfect pairing of formal 
Hopf algebras ® C/f^ (fl) ^ fc(g) gtven by T,^{h, g) := {{ul,)-\h), g) for 

allheU^^{i)),geU^%{Q). □ 

In next paragraph we will show that this provides a quantization of the "classical" 
Poisson pairing tt^: {)^ (E) 0^ — > k , whence our choice of the name; for the time being, we 

remark only that the previous analysis ensures that integer forms — U^;^{i)), U^^^^^^i^)), 

U^tpid) and U^^^{g) — of our quantized enveloping algebras are the orthogonal of each 
other with respect to tt^; furthermore, tt^ restrict to perfect Hopf pairings 

<,H^-- U?,ri^) ® C^^^(0) - k[q, q-'] , U2^{q) - k[q, q''] ; 

with the same symbol tt^gt we shall also denote the Hopf pairings 

ttI^^-.F^^JG] U^Jg) k[q, q-'] , resp. F^^fG] ® U^^Jq) k[q, q''] , gotten 

from restriction of U^'^i^) ® U^Jg) ^ k[q,q-^] , resp. UQ^°-{[)) ® U^^'Jq) -> k[q,q-^] 
(hereafter we identify F^^[G], with its image in via and similarly for integer 

forms); we shall also use the same notations when f/^<p(l)) replaces U2^{i)). 



§ 8 Specialization at roots of 1 

8.1 The case q ^ 1: specialization of U^^^{i)) to U{i)'^). As in §3.5, we assume for 
simplicity that our ground field k contains all roots of unity (so that /c[(j, q~^] j {q — e) = k 
for any root of unity £; otherwise, specializing g to e will extend the ground field to 
k[q,q~^]^P£{q) — k{e) , where P(.{q) is the £-th cyclotomic polynomial); in particular this 
is the case for A; = C. Moreover, we fix r = (ti, . . . , Tn) := ^((/^(ai), . . . , (/?(«„)) . 

To begin with, we consider specialization of i7^<^(f)) := U^^p{[])^^_^^ ^ at g = 1 : set 

f^?^(f)) ■■= U2^% / {q - l)U^,^{^) - f/^^(f))®M.,.-]^ 

{k is a /c[g, g~^]-algebra via k = /c[g, g~^]^(g — 1)); let Pi'-U^,^{\]) U^^^{\]) be the 
canonical map and set ^ := ((i^f )^'^) , h[ := e[ := pX({Ef)^^^^ {i = 

1,...,?2). Then one immediately finds that U^^^p{\}) is cocommutative, hence inherits 
from U^^^i^)) a canonical co-Poisson Hopf structure; furthermore, it also inherits from 
U^^{\]) a presentation by generators (f[,h]",e]') and relations which is exactly the same 
as f/({)^) given in (1.3-5). To give an example, we consider the case = (hence r = ) 
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and compute S{h.i) ; by definition of quantization of co-Poisson structure, 5 is given by 

Q- 



^ •= ^g-i^ (where A°p denotes opposite comultiphcation), whence we have 



S{hi) 



q-1 



9=1 



/ N 



q=l 



N 



= ^ C^as • 2^ • {ai, a^) ■ (eas ® f^iO - fa« (E) = 
s=l 

N 

= Ad~^ -^^d^a^ ■ (a'^lai) • (ea^ ® fa'' - fa" ® ea«) q. e. d. 



Thus we have proved the foUowing 



Theorem 8.2. The form,al topological Hopf algebra U^,^{b)) specializes for q ^ 1 to the 
Poisson Hopf coalgebra U(\}^) , i. e. there exists an isomorphism of Poisson Hopf coalgebras 



By the way, this also makes it possible to recover without effort the dual result (3.8) 

^q,ipid) -^—^ F[H'^] (cf. §3.5), whose original proof — more precisely, the proof of the 
part about Poisson structures — exhibited in [DKP] and [DP] is lenghty involved and 
complicated, requiring very hard computations; namely, we have the following corollary: 

Corollary 8.3. The Hopf algebra t^^^(g) specializes to the Poisson Hopf algebra F[H'^] 
for q ^ 1 ; in other words there exists an isomorphism of Poisson Hopf algebras 

Km ■■= Km ®m9,.-] k = F[H^] . 

Proof. Since Uf^^{g) is perfectly paired with U^^^{i)) = U{i)'^) and the latter is cocom- 

mutative, the former is commutative; thus Uf^{Q) is a commutative Hopf algebra, finitely 
generated over k, hence it is the function algebra of an affine algebraic group, say T-C^; 
moreover, from its deformation Ug ,^{Q) the Hopf algebra Ui^^{q) — F[7Y^] inherits — 
in the usual way — a Poisson structure, whence H'^ is a Poisson group. As in [DP] the 
presentation of 11^ ,^(0) makes it clear that {U[,^{q) =) F\W'] = F[H'^] as Hopf alge- 
bras, hence TV = H as algebraic groups (this is the trivial part, also in [DP], [DKP]). 
Moreover, the Hopf pairing among f/{^<^([)) = t/(f)^) and Uf^^{g) = F[H^] = F[H^] is 
compatible with Poisson and co-Poisson structures, that is {h, {/, g}) — {S{h), f ® g) for 
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all h e U^^^{i)) and /, fif G Uf^^{g) , where 5 is the Poisson co-bracket of ?7^([)) and { , } 
can be either the Poisson bracket { , }^ of F[H'^] (giving the Poisson structure of H'^ ) 
or the Poisson bracket { , }o of FfTi"^] = Ui^^{q) (arising from its quantization Uq^^io))'- 
since the pairing is perfect, we must have identity { , }^ = { , }o , whence the thesis. □ 

8.4 The case q^l: specialization of F^^^[G] and F^,^[G]^^_^^ ^ to U{i)). Con- 
sider the isomorphism F^,^[G]^^_-^^^^ ^ ^5?<p(^)(g-i),oo =• ^2^(^'> Provided by 
Theorem 7.2 (b); specializing to 1 we get a Hopf isomorphism (over k) 

iC?)r F?,^[G\q-,)J {<! - ^)F?AG\,_.),oo ^ U?^^^^) ^ (8-1) 
in particular, we remark that now bothF«,JGl, {q-l)F9..\G], andC/r,rh) 

^ I'V'- ■'(q — l),oo/ ^ ' y)<f"- '{q — l),oo J-jV^^' 

are non-formal Hopf algebras; furthermore, the very definitions imply that 

where F^^^[G] := F^^^[G] ^ (q — 1)F^^[G] , hence (8.1) coincides with the specialization 
(^?)r F?JG] := fQJG] /{q - 1)fQJG] ^ U?^^{i)) (8.2) 

of ^^'F^^^[G] ^ U^,ip{^) , thus also (8.2) is an isomorphism; clearly, both (8.1) and (8.2) 
are isomorphisms of Poisson Hopf coalgebras. Thus from U^^{i)) = U{i)'^) we get: 

Theorem 8.5. For q ^ 1, the Hopf algebra F^^[G] and the formal Hopf algebra 
oo ^'^^^ specialize to the Poisson Hopf coalgebra C/(f)^). □ 

8.6 The case q ^ 1: specialization of F^;^[G] and Ugj^ii)) to F°°[G^]. We 
shall now show that F^^J^[G] and Uq^'^i^) are (isomorphic) quantizations of F°°[G^]; in 
particular U^j^{i)) , can be seen as the dual counterpart (in the sense of 

Poisson duality) of U^^^{q) F[H^] (cf. (3.8)). 

Theorem 8.7. For q ^ 1 , the formal Hopf algebras F^^l^[G] and U^'^Ci)) both specialize 
to the formal Poisson Hopf algebra F°°[G'^]. 

Proof. We stick for simplicity to the case </? = , generalization being straightforward. 

We provide two proofs, the first one more geometric (a consequence of (4.6)), the second 
one more algebraic (a consequence of Theorem 8.2). 

Geometric proof. Recall that F'^[G] can be defined as the mg-adic completion of Og 
(where (O, mg) denotes the local ring of e G G); it is also clear that this coincides with 
the TTie-adic completion of where nXe is the maximal ideal of e E G . On the other 

hand, F^'°^[G] is the ^-adic completion of F^[G], with € := Ker (e: F^[G] k[q, q'^]) 
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(cf. §4.6); since F[G] (cf. §4.5), specializes to the ^i-adic completion 

of F[G], with €i := Ker{e: F[G] k) ; but (Si = me , whence the thesis. 

Algebraic proof. Recall that F°°[G] can be defined as the full linear dual of U{g), that 
is F°°[G] := U{q)* . Prom the proof of Lemma 5.3 we recall that 

a quick review of the proof of Proposition 5.5 will then convince the reader that 

U^iQ)* = (pr«)* (^7^(0)*) = t/,(n_)gC/f (t)®/c(g)[Z2'^]gC/,(n+) (8.3) 

as A;(q')-vector spaces (with notations of Theorem 5.7). But when looking at integer forms 
we have U^{1) = (t) , in short because non-scalar elements of k{q)[{Z2)^] take values 
outside k[q,q~^] when evaluated on U^{t): in fact (^u, ^^j'^j^ = ^ k[q,q~^] unless 
Ui = 1 (for all u e i = 1, . . . , n ). Similarly we have U^{b+)° = F^[B+] = U^{b-)op , 
UQ{b-)° = F^[B_] - U^{b+)op , t/?(0)° = , so that (8.3) yields 

U^iif = {pr'^y (^?(0)*) = C/,(n_)§C/f (t)§C/,(n+) ; (8.4) 

on the other hand, we record that U^'°°{i)) = ((pr^)* o (^f )"^) (t^g^'°°(W) - 

^ {pr'^y (^Fp°°[G]^ ^ ^ Uq{n-)®U^{t)^Ug{n+) hence comparing with (8.4) we 
get 

C^?(0)* = t^f'°°(f))- (8.5) 

Now specialize q to 1: then ^7^(0) specializes to U{g)] dualizing, specialization of q 
at 1 gives, in force of (8.5), Up°^{i)) := U^^°°{i)) ®k[,,g-^] k = U^idf ®k[g,g-^] k = 
= {u?{q) ®k[,,,-^] k)* = U?{e)* = UiQ)* , i. e. 

Up°^{i))^U{Q)* ^ F^[G] 

that is Up°°{i)) specializes to U{q)* = F°°[G] for q^, q. e. d. □ 

8.8 The case g — > £ : quantum Frobenius morphisms. Let e be a primitive i-th 
root of 1 in k, for £ odd, £ > d := maxj{(ii} , and set 

U?,^ih) := U^^i^) / {q - e)U2^{i)) - U^^ii)) ^ki,,,-^] k 

{k being a k[q, ^"■'^J-algebra via k = k[q, q~^] ^ (q — e)); we have the following result, which 

is the analog for U^^^{i)) of a similar result about U^^^{q), which can be found in [CV-2], 
§3.2 (cf. also [Lu-2],' Theorem 8.10, and [DL], Theorem 6.3): 
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Theorem 8.9. There exists a (formal) Hopf algebra epimorphism 



defined by 



Tr 



Kr;0 

s/e 



q=l 



if t 
if i 



s , otherwise 

s , otherwise 



q=e 



q=l 



if i 



s , otherwise 



for all i = 1, . . . ,n , s & N . Moreover, ^T^r is adjoint of J^r^-r (of ^3.5) with respect to 
the (specialized) quantum Poisson pairings, viz. (for all h G U^^^{[)), 9 & U[^^{q) ) 



Proof. Consider the Hopf algebra embedding jFrgr: = Ui^^{q) ^ Uf^^{g) ; its (lin- 

ear) dual is an epimorphism of formal Hopf algebras Uf (g) Uf (g) ; composing the 
latter with the natural embedding U^{i)) U^{q) provided by the (specialized) quan- 
tum Poisson pairing ttJ'^^: t/^P^(f)) ® U^^^{q) — k yields a morphism 

Then the very construction gives 

Vrfj-(/i),£?^ ^TT^Hx (j^r^^r{h),g^ = (h,J^rQr{g)^ 

for all h e U^^^{i)), g e Ui ,^{q), from which one immediately gets that J^r^^-r is described 
by the formulas above and has image U^^Ct)), q. e. d. □ 

With similar arguments we also prove next result, which is the analog of (3.9); we set 
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Theorem 8.10. 

(a) There exists a formal Hopf algebra monomorphism 



defined by 



J^r^r: F 



q=l 



q=£ 



q=l 



e: 



q=l 



q=e 



for all a e R'^ , A e P. Moreover, J'T^t is the continuos extension ofj^ro-r (cf. ^4-5) and 
is adjoint of Tr^T (cf. %3.5) with respect to the (specialized) quantum Poisson pairings, 
viz. (for all h e Ul'J^), g e U^Jg) ) 

<,G- {^ri)<h),g^ =^Ig- (h,J^rg.{g)^ . 



(b) The image Zq ^(f))J of Tr^^ is a central formal Hopf subalgebra 

ofuf:^^{i)). 

(c) The set of ordered PBW monomials 

1 ec n N 



n(^')'''-nw)'"-n(^')' 

r=N i=l r=l 



/i, • • • ) /iv, ^1, • • • , /n, ei, . . . , Civ e N 



is a pseudobasis of Zq (over k ). 

(d) The set of ordered PBW monomials 

1 n N 



r=N 



s=l 



fr.k.es = 0, 1,... ,£-1 Vr,i, s 



is a basis of Ufj^{i)) over Zq ; thus Uf^l^ii)) is a free module of rank £dim{H) ^^^^ _ 

Proof. As for (a), consider the Hopf algebra epimorphism J^rgT:U^^^{Q) -» U^^{g) = 
U{q^) ; its (linear) dual is a monomorphism of formal Hopf algebras Ui ,^{q) ^ Up^^{Q) ; 
composing the latter with the natural embedding U^"^{i)) ^ U^^pio) provided by the 
(specialized) quantum Poisson pairing Trf Qr- UiJ^{i)) ® Ui^^{q) — > k yields a morphism 

Thus the very construction gives 

[^r^^-{h),g^ ^n^Qr (^J^r^^ih), g^ = ^rf (h,J^rg{g)^ 
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for all h e Uf^^{t)), x e tj^{g): then from the definition of tt^qt one immediately gets 
that ^rpjT is described by the formulas above, hence in particular its image is contained 

in U^,^{[)) (embedded in U^,^{q) by means of tt^qt). Finally, since J-'ro-^: FlC^] = 

Ff,y.[G] ^ Ff^^[G] is also defined as (Hopf) dual of ^rgr-.U^^^id) U?^^{q) = U{q^) 

(cf. [DL], Proposition 6.4, along with [CV-2], §3), then ^ U['^{i)) ^ 

Us;^{i)) is obviously an extension of ^rGr:F[G^] ^ F[^^[G] ^ Ff^^[G] , and it is also 
clear that this extension is by continuity. 

Parts (b), (c), and (d) can be easily deduced from the analogous result for Ufig) 
(namely [DP], Theorem 19.1 and its generalization) along with the very definitions of 
t/^(^(g) and U^'^{i)) (otherwise one can directly use computations in [DP], §19, or mimick 
the proof of Proposition 6.4 of [DL]). □ 

By the way, we remark that part (d) of Theorem 8.10 is well-related with [CV-2], 
Proposition 3.5 (extending [DL], Theorem 7.2), which claims that F^^^[G] is a projective 
module over Fq of rank = £dim{Hn_ 

At last, we can prove the following counterpart of [CV-2], §3.3 (cf. also [DL], Proposition 
6.4 for the one-parameter case), which dealt with (4.6): notice in particular that now we 
get a surjective morphism instead of an injective one (like is in [CV-2] and [DL]). 

Theorem 8.11. There exists a Hopf algebra epimorphism 

TrHr:F^JG]^F?JG]^U{i)^) 

dud of Frg.-.Fm - Ufjg) ^ U.^Jg) . 

Proof. Since F^^^[G] < U^^y,{i)) , we can restrict J^r^r to F^^[G], thus getting a Hopf 

algebra morphism ^rH---F^^[G] — ^ U^,^{i)) ^ U{i)^) . Now Theorem 5.13 (bl)-(b2) 
gives (adapting notations to the multiparameter setting) 

^rn^ {F^jG])=rr^r {^F^JG] [V'Zj | J) = ^r^^ (>'^L=J 

because^ ^z] = f^^i^-s) = K^s = nr=i whence Fr^^^ = 
= nr=i -^^i)'^ {(^f) ^\q-e) ~ ^ ' nioreover, it is immediate from definitions that 

^r^r = ^r^r (U^ji))) = [/i^^(f)) = F?JG] (=[/(()-)) 

hence we conclude that J^rn^ (^F^^[G]^ = F^^^[G] ; the thesis follows. □ 



^Notice that the matrix coefficient tp-s does not depend on ip, but its image ij,'^{4'-s) S A'^'^ does. 
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Like in the case of 5, we call also ^r^-r^ -^^l)^' ^fn^ quantum Frobenius mor- 
phisms, because for £ = p prime they can be thought of as lifting of classical Frobenius 
morphisms H^^ — )• H^^ , C^^ — >■ G^^ to characteristic zero^. 

8.12 Specializing the quantum Poisson pairing. From the analysis in §§8.2-7 it 
follows that the Hopf pairing C/&°°(b)«)^^<^(0) ^ k[q, q'^] , resp. ttJ',..: U^;^{i))<^ 

U^^^io) — > k[q, q~^] specializes to the natural Hopf pairing ttht: U{i)'^)<SiF[H'^] — > k , resp. 
ttgt: U{q^) — > k given by evaluation: thus the quantum Poisson pairing can be 

seen as a quantization of the previous pairings at the classical level. Now we show that it 
can also be seen as a quantization of the classical Poisson pairing tt^: f)^ g"^ — > A; . 

To begin with, we define a grading on ?7^^°°(f)) by giving to PBW monomials the degree 



n 



T^<P rt\ ■'^ \ 1 n AT 

d { n (e)^^'^^ ■ n ( : J • n (^^o^^"^^ - e ™^ + e^^ + e 

^r=N i=l ^ * ^ r=l / r=N i=l r=l 



n 



r 



and extending by linearity (this is a grading as a A;(q')-vector space). Then we set 

^Ivih.g) {q-lf^'-^-TT^ih^g) 

for aU tensors h®g of PBW monomials in U^,^{i))0U2^{Q) ( C U^'^{1)) (g) U^^ig)), and 
finally extend by linearity: this gives a perfect (linear) pairing tt^^: C/^^^°°(f)) <S) U^,^{q) 

k{q) such that tt'^j, (u2^{^),U2^{q)^ C k[q,q-\q_i) (where k[q,q-\q_i) is the local- 
ization of k[q,q~^] at the principal prime ideal {q — 1)), hence (by restriction) a pairing 

which can be specialized at g = 1. 

Theorem 8.13. The pairing tt^^: C/^^(f)) (g) U2^{g) ^[?, specializes to a 

perfect linear pairing 

TT^: [/(f)") ® W) ^ 
which extends the Lie bialgebra pairing tt^: f)^ ® fl"^ ^ A; (cf. ^1.2). 

Proof. It is clearly enough to check that tt^ ^(/i, (7) [^^^^ — (^h\q^ii g\q^i^ for Chevalley 
generators and root vectors h^ = h\^^^ of t)'^ and g = g\g^^ of g'^, viz. for elements 
F^l^, = f^, (^V°) 1^^^ = h[, E^l^^ = el for U^Jf)) specializing to C/(r), and 

^«lq=i = ' (^1 °) _^ = ht, = Ca for (g) specializing to U{g). The thesis 

then follows from direct (and straightforward) computation, e. g. (cf. (1.1-a/b)) 



<viF^^E,)U = {q-l)- 



^Here again denotes the Chevalley-type Poisson group-scheme over Zp that one can clearly build 
up from the "Cartan datum" associated to H'^ (mimicking the usual procedure one follows for Gz^ ); as a 
group-scheme it is isomorphic to ■= , the difference residing only in the Poisson structure. 
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8.14 The pairings F[G^]0F[H^] — ^ k , F^[G^]0F[H^] — > k .^The construction 
of §8.12 can be reversed as follows; we define a pairing tt^'^: f^^^(f))<8)C/^<p(£|) — > k[q, q~^] 
modifying tt^ : give to PBW monomials of U^'^{i)) or Uq^^io) the degree 



N \ 1 AT 

\r=N i=l r=l / r=N i=l 



and extend by linearity to define a (linear) grading of t^^^(t)) or t^^^(g). Now extend 
K- K'^i^) ® U:;^,M - Hq) (or <: t/f^r(f)) ® ^<r^(0) ^ Hq) ) to a perfect pairing 



Then set 

:= (g - 1)-^^'^ • = (g - 1)-'^^^ • 

for all h G t^^;^(f)) and g G t^^<^(0) homogeneous, with := degree of x , and extend 
by linearity to all of U^'^ii)) ® ^,^^(0) : then tt,^'^ {u^'^ii)), U^Jd)) ^ k[q'/'', g-^/'^j , 
thus we get perfect pairings 

(the latter arising by restricting the former): these can be specialized at q^/^ = 1, yielding 

Theorem 8.15. The perfect pairings 7r|'''^: [/^^(f)) (g) Ug^^id) ~^ ^ [q^^'^,q~^^'^] and 
TT^'^: F^^^[G] (H) Uq ^^{2) —>■ k [q^^'^, q~^^'^] specialize to perfect pairings 

^T,r. poo ^QT^ ^ p^-^r^ _^ ^ ^ ^r,v. p^QT^ ^ p^^T^ -^k.n 



8.16 Final remarks. (a) Most of our results — as far as most of the results we 
quoted from [DL], [DP], [CV-1/2], etc. — are in fact available also for quantum (envelop- 
ing/function) algebras with any weight lattice M (with Q < M < P), e. g. ?7^°°(f)), 
i^^i[G],etc. 

(h) The speciahzation U^;^{\)) F^[G^] (Theorem 8.7) can be seen as a particular 

concrete realization of the equivalence among the category of quantum universal enveloping 
algebras and the category of quantum formal series Hopf algebras described in [Dr], §7. 

(c) Constructions and results about integer forms have been formulated with A;[g, g"-*^] 
as ground ring for simplicity; nevertheless, one could check that same forms can in fact 
be defined (and results proved) also on the smaller ring Z[q', g~^], exactly like it occurs for 
integer forms oiU^^^io) and F^^[G] (cf. [DL] and [CV-2]). 
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Appendix: the case G = SL{2, k) 



A.l. The present appendix is devoted to the particularly simple case of G = SL{2, k) : 
we will exhibit some explicit formulas by direct computation — following the general 
pattern described in the main text — and then relate this approach with the well known 
technique of studying Fq[SL{2, k)] by generators and relations; it will then be clear that 
such a comparison can be done more in general for the group G = SL{n + 1, k) too. 

A.2. From §3 we recall that D^{q) = U^ib+) ® U^ib-) (rcsp. D^{q) = U^{b+)0 
^U^{b-)) is generated by i?®!, L®1 (resp. K^l), l^K, with defining relations 

(3.2) (where E — E ^ 1 , and so on). Using these and relations (3.3) we find the following 
"straightening laws" for the product of monomials of a PBW basis of D^{g) 



t<r,s 
t>0 





)- 




t) + {£'+2k'){s-t) . 








t 





S 
t 

t 



^k+k' . p^+^'-* 



and for the product of monomials of a PBW basis of D^{g) 



t<.r,s 



t>o 



t) + {h'+k')(s-t)) . 


r + r' — t 




's + s' -t' 




r 




s' 



. p{r+r' -t) j^h+h' , 



K 



-1^ 



\2t 
t 



. ^k+k' p{s+s'-t) 



{A.I) 



{A.2) 



A. 3. Following §5, we identify the A;(q')-algebra U^{h-) ® t/^(b+) with a sub 



' op 



op 



algebra of Df{Q) , and denote by F^[D\ := U^{b-)^^%U^{b+)^^ its completion; we 

shall now describe by explicit formulas the formal Hopf algebra structure of — for 

M = P, Q, by restriction of that of F^[D]. We already know that 



resp. 



£(F(8)1) = 0, £(L±^®1) = 
£(F®1) = 0, £(K±i®l) 



1, e(l®L±^) = l 



1, £(l®L±i) = l 



s{l^E) = 
e(l^E) = 



thus the counity of F^[D], resp. F^[D], hence of A'^^ , resp. A'^, is completely deter- 



>r'(0)' 



mined. As for comultiplication 
we perform direct computation. We begin with F (g) 1 G D^{q)* : we have 

A (F® 1) , (e^^'^K^ (8) K^F^'^'^ ® {e^'-'^K^' ® K^' F^^'^y^ = 

= (F ® 1, (e^^'^K^ ® K'^F^'^^ ■ (e^'^'^K^' ® K^'f^''^^ 
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t<r', 



t>0 



2{{h+k){r'-t)+{h'+k'){s-t)) 



r + r' — t 
r 



s + s' -t 



K-Z-2t-r'-s 
t 



, j^k+k' p(8+s' -t) \ _ 



ds',0 ■ dr+r'-8,l ■ Q 



s 



j^k+k' 



now the element (F ® l) ®(l®l)+Er=o (^"^ ® ^^'') ® (^""^^ ® l) K^^f^ 
takes on PBW monomials [E^'^^K'^ ® K^F^^^) (^E^'^'^K'^' ® K''' F^''^^ the same values 
as A (F (8) l) , hence 



oo 

A (F ® 1) = (F ® 1) ® (1 ® 1) + J] g-" • (k-^ ® KE"^ ® {f"^^ ® l) 



n=0 



With exactly the same technique we get formulas 



A (L-i ® L) 
A{10E) 



oo 
n=0 

(L ® L-^) ® (L L-^) - (L L-^E) ® (FL ® L"^) 

oo 

(1 (8) 1) (1 F) + ^ • (l f''^') (8) (^F^K-^ (8) ; 



n=0 



by the way, this also proves A (^^^) < § and^ A (^^^^^ < § ^° 



oo 



^In fact one can also compute (in the same way) the values A {L'^^ <H) l); A (l (g) L^^^ , and so directly 
verify that A {F^[D]) < FP[D]%Ff[D] . 
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The same procedure for — using formula (A. 2) — gives 
A (^F(^) (g) l) = (^F(^) (g) (g) (1 (g) 1) + 



+ ^ g"" • (g - g"')'" • N,! • [n + 1]^! • KE^^ ® l) 



n=0 



A = ^ (g - g-i)'" • [n]/ ■ [n + 1]^ • (^R-^ (g) KE^")) (g) [f^^'^R-^ ® R^ 

n=0 

A (g) K-^) = ® K"^) ® ® R-^) - 

-{q - q~^f ■ [2]^ • [r (g R-^E^^^^ ® [f^^^r (g K-i) + 
+ {q- q~^f ■ [2]/- {r ® R-^E^^^^ ® (^^(2)^ K-i j 
= (1(g) 1)0 (^10^;^^)) + 

oo 

+ ^ • (g - g-i)^" • [n + 1]^! • [n]^! • (l ® ® [f^^)R-^ ® R^ ; 



A 1 



n=0 



notice that, as explained in the main text (§5.15), we deal with series which are convergent 
in the (g — l)-adic topology; moreover, formulas above explicitly show that A [A^^^ < 

< A^J^ g and9 A (l^o) < g . 

Similarly we proceed with the antipode; recall that Sj^M'(^gy is defined as Sj-,M'(^gy '■= 

'^DM'{Q)j '■ ^q' id) ~^ (g) ; then direct computation gives 

5 (F g) 1) , (^E^Wir'^ R'T^-"'^^^ ^(f01,S [e^^'^R^ ® K^F^'^'^ ^ = 



(^_'^Y+s . ^-s{s-l)-r{r+l)-2rh-2rk+2r8 



t>0 



R-^l;2t-T-s 
t 



J^s-k . pis-t) 



that is we have 

'S (F (g 1) , E^K^ (g) R'^F^'A = 5r,s+l ■ g-2(l+M«+l)+fe(«+l)) . ; 



now, the element -q'^ ■ F"'^^L2("+i) ® L-2("+i)f'' (g when evaluated on 

PBW elements F^'^)^'^ ® of L'J(0) takes the same values as S (F (g) l) , therefore 



S(F ® 1) = -g-2 . ^ ® L-2(-+i)f 



n=0 



9 As above, one can compute A (X^i l) , A (l (g) L^^) , and get A (^F^[D]j < F^[D] ® F^[D] . 



QUANTIZATION OF POISSON GROUPS 



47 



With exactly the same technique wc get formulas 

n=0 

oo 
n=0 

by the way, this explicitly shows that S {A^J") < A^J" and^o S (l^^) < A^J' . In 

particular we directly proved that A^ is a Hopf subalgebra of F^[D], and^^ A^ is a 
A; [5, 5" -"^j -integer form of A^^. 

The same procedure for A'^ — formula (A. 2) — gives 

00 

S (^F^^) <g) 1) = -q-^ • ^ - q'^f" ■ [n + l]q! • • F^^+^^K^+i ® K-(^+i)f(") 

n=0 

00 

5 = J] (g - q-^f"" ■ [n]/ ■ [n + 1]^ • F^^^K^^+i (g) R-'^n-^E^'^^ 

n=0 

S' (K ® = K-^®K - [2\-{q - q-^f-F^^^0E^^^ + (q - q-^f -F^^^ K^K'^E^^^ 

00 

S(l® F^i)) = ■ ^ (g - g-^)'" • [n\\ ■ [n + 1]^! • F^^^ K^^^ ® ^-(n+i)^(n+i) . 

n=0 

here again we remark that the involved series are convergent in the (g — l)-adic topology; 
moreover, we explicitly showed that S {A^J^) < A^^ and^^ S (a^^^ < A^J^ , thus A^^ 

is a Hopf subalgebra of F^[D\ oxid^^ A^^ is a fc[g, g~^]-integer form of A^^ . 
Finally we record that — thanks to Theorem 6.2 — the substitutions 

turn the above formulas defining the "Hopf operations" A, £, and S of A^^ into analogous 
formulas defining A, £, and 5" for for M = P^Q . 

A. 4. Let := s[(2) , and consider U^{g) = U^{$i{2)); consider the 2-dimensional 
vector space V over k{q) with (ordered) basis the standard representation 

(q) ^ Endk(q){V) is defined by 

i°Similarly one can compute S (g) l) , S' (l (g) L±i), and so verify that S {Ff[D]) < Ff[D] . 

Similarly we could directly prove that F[[D] is a Hopf subalgebra of (g) . 
i^Similarly we can also compute S {K^^ (g) l) , S (l (g) L±i), and get S (^F^[D]^ < F^[D] . 
^•'Similarly we could directly prove that F^[D] is a Hopf subalgebra of (g) . 
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where matrices are relative to the ordered basis {v+,V-} ; letting {(/)_|_, (/>_} be the basis 
of V* dual of v_} , we denote the matrix coeflBcients of this representation by 

a ■= {x ^ {(p+,x.v+)) , b := {(p+,-.v_) {x {(p+,x.V-)) 

c := {(f)-,-.v+) {x {(f)-,x.v+)) , d :— {(f)-,-.V-) {x ^ {(f)-, x.V-)) . 

It is well known (cf. for instance [APW], Appendix, or [DL], §1) that the quantum 
function algebra F^[G] = Fq[SL{2,k)] is generated by the matrix coefficients of the 
standard representation, (this is true more in general for G — SL{n + 1, /c) ) i. e. a, 6, c, d. 
Thus F^[G] is the associative k{q)-algehra, with 1 with generators a, b, c, d and relations 

ab = qba , cd = qdc , ac = qca , bd = qdb 
be = cb , ad — da = (q — q~^) be , ad — qbe = 1 ; 

with Hopf algebra structure defined by formulas 



A(a) = a®a + b®e, 


s{a) = 1 , 


S{a) = d 


A(b) = a®b + b®d , 
A(c) = e® a-\- d® e , 


£(6) = , 
s{e) = , 


S(b) = -qb 

1 (^-3) 


A{d) = e®b + d®d , 


e{d) = 1 , 


S{d) = a 


and F^[G] is nothing but the k[q, (/~^]-subalgcbra generated by a, 6, c, d. 


Similarly F^[Bj^] , resp. F^[B-\ , has the following presentation: it is the associative 
A;(g)-algebra with 1 with generators a_|_, resp. a_, c_, and relations 




b+d+ = qd+b+ 


, a+d+ = 1 = d+a+ , 


resp. a_c_ = qe-a- , 


e-d- = qd-e- 


, a-d- = 1 = d-a- , 


with the Hopf algebra structure given by 






A(a+) = a+ (8) a+ , 


s{a+) = 1 , 


Sia+) = d+ 


A(6+) = a+ (8) 6+ + 6+ (8) d+ , 


e{b+) = , 


S{b+) = -qb+ 


A(d+) = d+<S>d+ , 


s{d+) = 1 , 


Sid+) = a+ 


resp. 

A(a_) = a_ (8 a_ , 


£(a_) = 1 , 


S{a-) = d- 


A(c_) = c_ (8) o_ + (8) c_ , 


£(C_)=0, 


S{e-) = -q-^e_ 


A((i_) = d-®d- , 


= 1 , 


S{d-) = a_ ; 


and the integer form resp. F^[B. 
erated by a_|_, d^, resp. a_, c_, 
The Hopf algebra epimorphisms 


_], is nothing but the k[q,q ""^j-subalgebra gen- 


p+:Ff[G]-Ff[i?+] 
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given by restriction (cf. the proof of Theorem 5.7) are then described by 

a a_|_ , 6 ^— , c t— , (i , p_ : a a_ , 6 , c i— >• c_ , d- . 

A. 5. We shall now explicitly realize the embedding of (formal) Hopf algebras (cf. §5) 

From the previous subsection it is easy to check that the Hopf algebra isomorphisms^^ 
- f/f (b-)^^ (induced by 7r_) , [S-] = C/f (b+)^^ (induced by ttT) 

(cf. (4.1)) are described by formulas 

a-(- ^— , 6+ (— > — FL , i-^ L , t?_ : a_ i— > L , c_ t-^ L~^E , (i_ i-^ L""*^ . 
As we saw in the proof of Theorem 5.7, /i^ is nothing but the composition 

f![G] a F/^IG] ® F^[G] ^^^[5+] ® F^[B.] t/f (b_)^^ g t/f (b+)^^ 

(whose image lies in ) hence it is described by 

/x^: ah^ ® L -FL(g) L~'^E , b^^ -FL^ , c ^ L (g) L~'^E , dy-^L®L~^; 

then by direct comparison between formulas (A. 3) and the formulas we gave for F^[il>] := 
:= U^{h-)^^ ® Uqibs^)^^ one immediately checks that (i^ preserves the (formal) Hopf 
structure, i. e. it is a monomorphism of (formal) Hopf algebras. 
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